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v  According	   with	   Blanchard,	   Devaney	   and	   Hall	   (1999),	  
Differen;al	  Equa;ons	  should	  be	  taught	  holis;cally	  with	  
three	   approaches:	   analy;cal,	   qualita;ve	   and	  
numerical.	  

v  There	  are	   few	  programs	   in	  Differen;al	  Equa;ons	  with	  
these	   topics	  where	  non	   linear	  models	   appear.	   (In	   our	  
case,	   	  for	  the	  BSc:	  Applied	  Mathema;cs	  and	  Computer	  
Science).	  

“The	  more	  realisGc	  is	  a	  model	  in	  differenGal	  equaGons,	  
the	  harder	  it	  is	  to	  find	  an	  analyGcal	  soluGon”	  	  	  



Q1:	   Where	   can	   professors	   find	   any	   examples	   more	  
realis;c,	   that	   involve	   the	   three	   approaches:	   analy;c,	  
qualita;ve	  and	  numerical?	  

Mickens	   (2010),	   in	   his	   book	   “Truly	  nonlinear	  oscillators”	  
gave	  good	  examples	  of	  non	  linear	  oscillators,	  but….	  

Q2:	   In	  a	  first	  EDO	  course,	   is	   it	  possible	   that	  our	   students	  
can	  be	  prepared	  to	  analyze	  a	  problem	  holis;cally	  with	  the	  
three	  approaches?	  

CAS	  could	  be	  the	  bridge	  in	  order	  to	  achieve	  it…	  let´s	  see	  a	  
study	  case!	  



Establishing Periodicity 31

This is an important result and will be used in the next subsection to prove
that several TNL oscillator equations have only periodic solutions.

2.2.2 Several TNL Oscillator Equations

The following six second-order, nonlinear differential equations are exam-
ples of TNL oscillators:

ẍ + x3 = 0,

ẍ + x3/5 = 0,

ẍ + x + x1/3 = 0,

ẍ + x2sgn(x) = 0,

ẍ + (1 + ẋ2)x1/3 = 0,

ẍ +
1

x1/3
= 0.

Close inspection of all these equations shows that they possess the following
properties:

(a) They are invariant under time inversion, t → −t, and are of odd-parity.
(b) They all have a single fixed-point, located in the phase-plane at (x̄, ȳ) =

(0, 0).
(c) Each has null-clines, y0(x) and y∞(x), that coincide, respectively, with

the y and x axes.
(d) Each has a trajectory equation that is invariant under S1, S2, and S3.
(e) Their respective phase-planes may be represented as given in Figure 2.2.1.
(f) They all have first-integrals that can be explicitly calculated.

From the totality of properties, given in a) to f), we conclude, based on
the results of Section 2.2.1, that all of the above listed TNL oscillators have
only periodic solutions.

We now examine the fourth equation listed above, i.e.,

ẍ + x2sgn(x) = 0, (2.2.9)

and calculate its exact solution. To begin, take the initial conditions to be

x(0) = A, ẋ(0) = y(0) = 0. (2.2.10)

The trajectory equation and first-integral are given, respectively, by the
relations

dy

dx
= −

x2sgn(x)

y
, (2.2.11)

Examples	   of	   second-‐order,	   nonlinear	   differen;al	  
equa;ons	  (TNL	  Oscillators):	  



Ini;al	  condi;on:	  

d 2x
dt2

+ 4x 1+ x2( )
−
3
2 = 0

f x( ) = 4x 1+ x2( )
−
3
2

f −x( ) = − f x( )

we	  assume	  that	  f(x)	  	  
is	  such	  that	  all	  	  
solu;ons	  are	  
	  periodic	  	  

	  	  

The	  nonlinear	  func;on	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  of	  odd	  parity,	  i.e.	  



A	  simple	  interpreta;on	  would	  be	  consider	  a	  par;cle	  of	  
mass	  m	  which	  is	  constrained	  to	  move	  over	  the	  line	  y	  =	  1	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  y	  =	  1 	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  m	  
	  
	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  M	  
and	  subject	  to	  a	  gravita;onal	  interac;on	  with	  a	  mass	  M	  
placed	  at	  the	  origin.	  	  



The	  force	  on	  the	  par;cle	  in	  the	  x	  direc;on	  is	  given	  by:	  
	  
	  
	  
With 	   	   	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  So,	  
	  	  

r = 1+ x2 Fx = −
GmMx

1+ x2( )
3
2

Newton's	  second	  law	  provides	  us	  the	  equa;on	  of	  mo;on,	  
described	  as:	  
	  
	  
Let	  constants:	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	   	   	   	   	  Therefore,	  

ma = Fx = −
GmMx

1+ x2( )
3
2

=mx

GM = 4 d 2x
dt2

+ 4x 1+ x2( )
−
3
2 = 0



Three	  methods	  exist	  for	  carrying	  out	  this	  task:	  	  
	  
(1)  the	   use	   of	   analyGcal	  methods	   in	   order	   to	   find	   first-‐	  

integrals,	  
	  
(2)  the	   use	   of	   qualitaGve	  methods	   based	   on	   examining	  

the	  geometrical	  proper;es	  of	  the	  trajectories	  in	  the	  2-‐
dim	  phase-‐space,	  and	  

	  
(3)  the	  use	  numerical	  analysis	  
	  
	  	  



It	   is	   very	   common	   for	   students	   tempted	   to	   implement	  
immediately	   the	   differen;al	   equa;on	   with	   some	   so^ware,	  
using	  Wolfram	  alpha	  or	  Grapher	  	  

WOLFRAM	  ALPHA	  (online)	   GRAPHER	  (McIntosh)	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  



As	   	   	   	  	   	  	   	   	  	   	   	  	   	  	  	  	  ,	  	  it	  can	  be	  shown	  that	  energy	  is	  
conserved.	  

So,	  the	  poten;al	  energy	  is	  calculated:	  

	  

Let	  

	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  x	  

	  

f x( ) = 4x 1+ x2( )
−
3
2 ≠

f t( )
f x( )

#
$
%

&%

V x( ) = − f x( )∫ dx = 4x

1+ x2( )
3
2

∫ dx

u = 1+ x2( ) ; du = 2xdx

V x( ) = 2u
−
3
2 du = 2u

−
1
2∫ −2( ) = − 4

1+ x2( )
1
2

V(x)	  



Reduc;on	  of	  order	  2	  to	  1	  à	  Find	  out	  a	  first-‐integral	  of	  the	  
	   	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  equa;on	  

This	  is	  done	  by	  mul;plying	  
Subs;tu;ng	  have:	  
	  
	  
	  
Therefore,	  
	  
	  
where	  the	  ini;al	  condi;ons	  were	  used	  to	  evaluate	  E.	  
	  	  

x = dx
dt

d
dt
1
2
x2

!

"
#

$

%
&= f x( ) dxdt = −

dV
dx
dx
dt
= −
dV
dt

                     d
dt
1
2
x2 +V

!

"
#

$

%
&= 0

1
2
x2 − 4

1+ x2( )
1
2

"

#

$
$
$
$

%

&

'
'
'
'

= E = −2 2



So,	  the	  1st-‐order	  ODE	  resul;ng	  is:	  
	  
	  
	  
	  
	  
Again,	  with	  Wolfram	  Alpha….	  
	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  Divergent	  
	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  algorithm!	  

	  

1
2
x2 = 4

1+ x2( )
1
2

− 2 2

dx
dt
=

8

1+ x2( )
1
2

− 4 2



It	  can	  be	  seen	  that	   the	  energy	  drawn,	   it	   represents	  a	  closed	  
curve	  (contour)	  in	  the	  projec;on	  in	  the	  plane	  x	  vs.	  v=dx/dt	  
PotenGal	  funcGon	  and	  the	  plane	  
represenGng	  the	  constant	  energy	  	  

ProjecGon	  in	  the	  plane,	  with	  contour	  lines	  
for	  different	  values	  of	  energy	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	   E = −2 2

E = −2 2

x

v

Phase	  plane	  

E = E x, x( ) = E x,v( )



The	   second-‐order	   differen;al	   equa;on,	   may	   be	  
reformulated	  to	  two	  first-‐order	  system	  equa;ons	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	   	   	   	   	   	  	  i.e.	  
	  
	  
	  
As	  usual,	  the	  x	  is	  interpreted	  as	  the	  posi;on	  of	  the	  par;cle	  
and	  the	  speed	  v,	  both	  dependent	  func;ons	  of	  ;me	  t.	  
	  
The	  variables	  x	  and	  v	  define	  a	  2-‐dim	  phase-‐space	  which	  we	  
denote	  as	  (x,	  v)	  proposed	  by	  H.	  Poincaré.	  

v = f x( ) ,    x = v x = v

v = 4x 1+ x2( )
−
3
2



Some	  of	  the	  curves	  drawn	  on	  the	  vector	  field	  represent	  
par;cular	  solu;ons	  when	  the	  trajectory	  associated	  with	  
the	   ini;al	   values	   in	   the	   phase	   plane	   is	   followed,	  
some;mes	  called	  the	  phase	  portrait.	  

x ' = y                       
y ' = - 4 x (1 + x2)( - 3/2)
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In	  par;cular,	  for	  	  

	  

	  

	  

In	  this	  qualita;ve	  approach:	  
it	  was	  easy,	  students	  can	  	  
recognized	  that	  closed	  curves	  in	  
phase-‐space	  correspond	  to	  	  
periodic	  solu;on.	  

x0 ,v0( ) = 1,0( )



ODE	  System	  first	  order	  	  	  	  	   	  	  Applica;on	  of	  Euler	  algorithm?	  

Disadvantages:	   It	   is	   unstable	  
and	  not	  preserve	  energy.	  

	  

Vs.	  Euler-‐Cromer	  algorithm	  	  

Advantages:	   It	  produces	  stable	  
oscilla;on,	   and	   preserves	   the	  
total	   energy	   produced	   in	   each	  
cycle	  of	  oscilla;on.	  

xn+1 = xn + vnh

vn+1 = vn + Fnh

xn+1 = xn + vn+1h

vn+1 = vn + Fnh

tn = t0 + nh



Maple	  code:	  

	  

	  

	  

	  

	  

	  

Total	  itera;ons:	  20	  

	  



The	  result	   for	  n	  =	  20	   itera;ons	  shown	   in	  the	  following	  
table	  with	  the	  calcula;on	  of	  energy	  at	  each	  step	  

-‐2	  

-‐1.5	  

-‐1	  

-‐0.5	  

0	  

0.5	  

1	  

1.5	  

2	  

-‐1.5	   -‐1	   -‐0.5	   0	   0.5	   1	   1.5	  

v 

x 

NUMERICAL	  PHASE	  CURVE	  ASSOCIATED	  WITH	  THE	  
METHOD	  OF	  EULER-‐CROMER	  (Spreadsheet)	  

Students	  can	  check	  is	  the	  same	  closed	  curve!	  	  



v  Our	   purpose	   is	   linking	   research-‐teaching	   with	   cugng	  
edge	  topics,	  as	  non	  linear	  differen;al	  equa;ons.	  

	  	  
v  The	  qualita;ve	  technique	  is	  more	  powerful	  since	  it	  may	  

be	   applied	   in	   all	   situa;ons,	   in	   comparison	   with	   the	  
analy;cal	  technique.	  

	  
v  The	   goal	   is	   to	   show	   that	   either	   all	   or	   some	   of	   the	  

trajectories	  in	  the	  phase-‐plane	  are	  closed.	  Since	  closed	  
trajectories	   correspond	   to	   periodic	   solu;ons,	   the	  
existence	  of	  periodic	  solu;ons	  was	  established.	  

T
I
M
E	  
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v  Visualiza;on	  helps	  intui;ve	  understanding.	  
	  
v  The	  learning-‐teaching	  process	  is	  shorter	  and	  dynamic	  in	  

order	   to	   visualize	   that	   the	   vector	   field,	   poten;al	  
func;on,	   	   phase	   plane,	   etc.,	   associated	   with	   the	  
differen;al	  equa;ons.	  

	  
v  A	   good	   combina;on	   of	   CAS	   could	   give	   us	   the	   three	  

analysis.	  Such	  as:	  Maple,	  MatLab,	  Graph,	  and	  Excel.	  
	  
v We	   say	   that	   how	  much	   so^ware	   that	   we	   have	   to	   use	  

	  depends	  on	  the	  dynamics	  of	  the	  class.	  



T
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Thank	  you!	  
	  

¡Gracias!	  

 


