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Introduction

This text is devoted to solving practical problems in the field of electricity and magnetism
using computer algebra systems (CAS). The problems described usually appear in the
programs of standard General Physics courses at university level (engineering and science).
Some of them would also be suitable for high schools.

Maxima is a powerful tool for the manipulation of symbolic and numerical expressions,
including differentiation, integration, vectors, matrices, . . . and so on. It also provides
commands for plotting functions, curves and data in two and three dimensions. We chose
Maxima because it is a free software package. It can be downloaded from its website,
http://maxima.sourceforge.net, where documentation in several languages can also be found.

The use of Maxima significantly reduces the computational work and allows a student (or
teacher) to concentrate on physical ideas (which is most important), rather than on the very
time consuming technical side - performing the derivations by hand.

For a first try of Maxima, you may wish to try the examples in First Steps with Maxima.

Please don't understand this paper as a complete introduction in working with Maxima.
Maxima-experts will certainly find ways to solve some problems in another way. Maxima is
much more powerful that it is shown here. You can produce complex programs, your own
libraries and much more.

Leon Magiera is physicist at the Wroclaw University of Science and Technology, Josef
Bohm is a retired school teacher and founder of the International DERIVE and CAS-TI User
Group. His work was putting all parts together in a common form and adding DERIVE and
TI-NspireCAS treatments of some examples. DERIVE is off the market since several years
but still widely used all over the world. DERIVE and TI-NspireCAS are running up to the
latest operations systems. The DERIVE and TI-NspireCAS parts can be distinguished by
another font set.

the Authors

All files are available on request.

We welcome any comments and suggestions regarding this book. You may contact us via
e-mail at:

leon.magiera@wp.pl
nojo.boehm@pgv.at

In preparation:

2" part: Magnetic Field

3" part: Circuits

4 part: Mechanics of Charged Particles

For DERIVE User Group information goto www.austromath.at/dug/



http://maxima.sourceforge.net
http://maxima.sourceforge.net/docs/tutorial/en/gaertner-tutorial-revision/Pages/Intro0001.htm
www.austromath.at/dug/

I. Vector and Scalar Fields

Vector and scalar fields are very important concepts in physics. They are just respectively a
vector and a scalar functions of space variable. Some differential operators are defined acting on those
functions, which are in common use in physics, like: gradient, divergence, rotation and Laplacian.

We start with definitions using Cartesian coordinates x, y, z.

The Gradient of a scalar function @ is the vector

> ¥

oy L1
g a '

The Divergence of the vector field A= [Ax A, AZ] is a scalar of the form

grad® = {

divd =—+ +—. 1.2

i j k
curld = o 2 2 L3
& o
A, A, A,
The Laplacian of a scalar function @ is a scalar of the form
7’0 ﬁ@ o0
AD = + . L4

dCZ @/2 &2

Now we try to solve some problems:

I.1  Calculate the following expressions:

. 1
a)  the gradient of the function ®(r)=—,

-
b) div(v),
o D),
r
d) div( grad (lD,
-
e) curl(v),

where r is the modulus of the position vector 7(x, y,z),



Solutions:

We need loading the library "vector":

Problem I.1
a)

(%11) Phi(r):=1/rS
(%1i2) r_:[x,v,2]5
(%13) xr:sgrt(r .r };

(5c03) ﬂ..JzE+y2+x2

($14) load("vector™)$S
(%$15) grad(Phi(r)):
X v =

E0b
( ! sz’ sz’ 3;21

(25+y +x%) (25+ 7 +x%) (25+ 7 +x%)

Note that result %05 can be rewritten in a simple concise form:

grad(CD(r)) = —:—3.

b)

($16) div(r_);
($06) 3

c)

(%$17) div(r_/r);

) - -
£ £ £

= ¥ X

3
||22+ 2, 2 5 3 5 372 5 5 o 32 2 2 5 3/2
¥ (25+y " +x7) (25+ ¥ +x%) (25+y " +x7)

($18) radcan(%);
2

ﬂ,,lz"+y‘+x‘

(%o07)

(%ob)

Some problems are too difficult for a computer program. The next example is too hard for many
computer algebra systems. Maxima — and DERIVE as well — returns:

d)
(%118) div(grad(l/r))};
) 3 3 z° 3 y? 3 %2
(%018) + + ¥
n 3F2 A~ 9f2 n 9f2 » 9f2

(25+y " +x7) (25+y +x7) (25+y +x7) (25+y +=x7)

(#11%) radcan(%);
(%019) 0

This is the DERIVE result:

1
#1: DIV[GRAD[—D -0
[[x, vy, z]]

Remark: The above result is not correct. The correct result is proportional to the Dirac d-function
o(r). Unfortunately, many computer algebra systems we tried did not return the correct result.




My last attempt was "asking" MATHEMATICA (www.wolframalpha.com) and see the answers:

divgrﬂd[ Il—] ! (—|I|1_;I§l[|f|2+|z|2]+

= 7 2 73.5,0
NI (bt #1012 #1212 )

alx|
dy

i (= Z59) o e (2(29)7 11 241 - (

2 2 2
|z]? ([%f']ﬂ[%f) ¥ |z| “?L—l _2[?3]")_

2 @ dlz] |2
f - (5]

2 (141212 _ o (94 )2 Al | (del)2) _ 2 @ 2
1 ([ ﬂx] E(r:-}f) + 2l a2 +[ﬂz]) 1=l ay? Ay ﬂyz)

Input in another form delivers the sfunction, great.

]:

div gra d[ . L

Y xZy? st

&)
(%111) curl(r_);
(%011) [0,0,0]

. cr . .
Exercise: Show that the divergence of the vector field of the form —, with ¢ an arbitrary constant
r

equal zero.
[

I.2  Prove the identity grad( ], where a is an arbitrary, constant vector.

a-r axr
— | =—curl] —;
r r
¥ =r(x,y,z) is a position vector and  denotes its modulus.

Solution:

We add the definition of a@ (which is a_) and use the “~”-character as operation sign for the vector
product. We show that the difference of both sides simplifies to the zero vector.

(%11) r :[x,v,2]5

a_:lax,ay,azls
r:sgrt(r_.r )5
load("wvect™) 5

ev(express (grad((a_

(%14)

(%15) .¥x_)/r*3)),diff)-ev(express(-curl((a_~r )/r"3)),diff);
I ax 3x(dazz+ay y+ax x) 3 z(azx—axz) 3y (axy—ay x)
[y L
(Fes) 1 3/2 s o ,5/2 o o . 5/2 sr2”
(25+7°+=x") (25+y°+x°)

(25+y +=x7) (25+7°+=x")

3 ay 3y(azzt+ay y+axx) 3 =z(layz—azy) I x(axy—ay x) 3a=s
1

. . 5 5s2
(25+y“+x°)

3/2 5/2 . . 5 5/2 3/2
(25+y“+x%)

(2+y +x°) (25+y“+x°) (25+y +x°)

I E(azEtay ytaxx) I y(ay 2—azy)
]

Ix(azx—ax z)

a o L 9/2
(25+y7 +x°)

:
2, 2, .2,.°/%
(25+7"+x7)

5!2]

(25+ 7 +x°)

(%1i6)
(%o06)

radcan (%) 5

[0,0,0]

We can proof the identity in a second way:

(%518) is(equal (ev(express(grad((a_.r_)/xr"3)),diff),
ev(express (—curl((a_~xr_)}/xr"~3)),diff)));

(%$08) true



www.wolframalpha.com

It is remarkable that the DERIVE proof is much shorter and much more elegant (two ways):

#1: [r_ =[x, y, z], a_ = [ax, ay, az]]

(a_-r_ ) CROSS(a_, r_)
GRAD| = — CURL| ——— | = true

#2: 3 3
N L Ir_|

((a_-r_ ) CROSS(a_, r_)
GRAD + CRL} —— | = [0, 0, 0]

#3: 3 3
C | ) [r_|

Michel Beaudin from ETS Montreal produced a fine vector analysis library for TI-NspireCAS
(https://cours.etsmtl.ca/seg/mbeaudin/documents/Kit ETS MB.tns) which allows performing
the proof in one single line:

rf::{x y z}:aﬁ::{ax ay az} [ax ay az}
A grad( dotP(a_,r_) ,[x y ZJ):_GH{crossP(a_,r_) ,[x y Z]) [true true true]
(norm (r)) 3 (norm (r_)) 3

ém
LI.3  Prove the identity curl(curl(a)) = grad(div(a))— Ad, where

a=d(a,(x,y,2),a,(x,,z),a.(x,y,z)) is a differentiable vector. The symbol A denotes the
2 2 2
Laplace operator A = 8—2 + 8_2 + 6—2
ox~ oy° oy
Solution:
The identity can be rewritten in the equivalent form

curl(curl(a)) — grad(div(a))+ Aa =[0,0,0].

(%11) load("vector")$5

(%312) a :[ax(x,v,2),av(x,v,2),32(%,v,2)]15%

(%13) curlicurl(a }))-grad(div(a ))+laplacian(a );
(%03) [0,0,0]

Exercise: @ and b=b (b,(x,y,2), b,(x,y,2),b.(x,y,2)) are arbitrary differentiable vectors and
f=flx,y,z) and g= g(x,y,z) are arbitrary differentiable functions.

Prove the following identities:

a)  curl(grad(f)) =10,0,0]

b)  grad(f-g)-f-grad(g)-g-grad(f)=[0,0,0],

c) div(curl(a) =0,

d)  div(axb)=b-curl(@)-a-curl(b),

e) div(f-d)=f-div(a)+ad-grad(f),
f) curl(f-a)= f-curl(@)+ grad(f)xad.


https://cours.etsml.ca/seg/mbeaudin/documents/Kit_ETS_MB.tns

We will demonstrate two of the exercises from above, a) and f):

a)

($11) load("vect™)$

(%12) curl(grad(f(=,v,z)));
(%02) 0

(%13) load("vector™)$s

(%14) curl{grad(f(x,v,z)));
(%c04) [0,0,01

That's not fine. Both packages deliver different results. We know that the curl should be a
vector. To be on the safe side, let's ask another CAS:

cur{(grad(j{x,y,z),[x » Z]),[X ¥ Z])

L2 )| -2

dy\dz

;—y(f(x,y,zn) 4

)2 L)) (L)

dax dx\dz dx\dy

L (o)

#1: f(x, y, z) ==

#2: CURL(GRAD(f(x, vy, z))) = [0, 0, 0]

Although TI-NspireCAS does not simplify the partial derivatives we see that we obtain the
zero vector. DERIVE gives the correct answer.

f)
 (%i1) load("vect™)$
(%312) a :[lax(x,v,2),av (=%, v,2),3z(=2,ve) 15
($13) £ :f(=,v,2)5%
(%14) ev(express(curl(f *a )-f *curl(a )-(grad(f )~z )),diff);
(%04) [CI,—f(x,y,z)liaz(x,yz]]—f(x,y,z)liax(x,y,z]—iaz(x,yz]]+
\d X \d = dx
f(x,y,ZJIiax{x,y,Z)),—f(x,y,ZJIiay(x,y,ZJ—iax{x,y,Z))+f(x,y,z
d = d x dy
riay(x,y,ﬂ]—f{x,y,Z){iax{x,y,Z))]
d x \d ¥
(£15) ratsimp(%);
(¥05) [0,0,0]
|

In more advanced textbooks cross product and curl in the Cartesian coordinate system may be written
using Levi-Civita tensor &, . This tensor is defined as ¢, =e¢,(¢, x¢,) (ijk = 1,2,3), where

é., (i=12,3) are the unit vectors
e, =[1,0,0], e, =[0,1,0], e, =[0,0,1].
Using this notation, the components of the cross product of the vectors
A=[4,,4,,4.1=[4.4,,4), B=[B.,B,,B.1=[B,,B,,B,]
can be written as follows

(AxB), =Y > 6, 4B,  (i=123).
j ok



The components of the curl of B =[B,,B,,B;] are given by
(curl(®) =" euBe;»  (i=1,2.3)
jok
where B, is the partial derivative of the A-th component of vector B with respect to the j-th
JB

z

variable. For example B;, =—=
» ﬁy

I.4. Using the definitions above calculate:

a)  the components of the cross product of the following vectors:
A=[4,,4,,4.,B=[B,B,.,B.],
b)  the components of the cur/ of the vector

A=[4,(x,p,2), 4,(x,y,2), 4.(x,y,%)].

Solution:

We enter the unit vectors collected in an identity matrix and the Levi-Civita tensor:

(3¥i1) load("vect™)$

(%12) e:ident(3)5

a :[al,a2,a3]5%

b :[bl,b2,b3]%
(%15) eps(i,j,k):=e[i]l. (e[j]l~e[k]);
(F05) eps(i,j,k):Zei . ej«-ek
(516) express(eps (1,2,3).a_[2].b_[3]):
(2o06) a2 . b3

(517) expressieps(1,2,2).a [2]1.b [21):
(%c7) [Q,0,0] . a2 . bZ

%07 is not correct. Why that? Further investigation shows that the vector product v xv results in 0

instead of the zero vector.

($18) express([0,1,1]1~[0,1,2]1);
(%08) [1,0,0]

(%$1%) express([0,1,1]1~[0,1,11):
(%505) O

What to do? Easy enough: define your own cross product!

- (%¥116) crossp(va,vb):=[val[2]*vb[3]-va[3]*vb[2],
val[3]l*vb[l]l-va[l]l*vb[3],va[l]l*vb[2]—-va[2]*vb[1l]]:

(%0l6) crossp(va, vb):= [va2 VbS—va vbz P Vaq vbl—val Vb3, va, vbz —va, vbl]

3
(%i11) eps_(i,]j,k):=el[i].crosspleljl,elk]l);
(%0l11) eps_{i,j,k]:Zei . croasp{ej,ek]

(%il12) makelist (sum(sumieps_(i,3,k)*a_[J1*b_[k1,3,1,3),k,1,3),1,3):
(20l2) [af2b3—-al3bi2,a3ibl-alb3,albl—-aiZbl]

Now it is correct. We proceed with problem b):




(%113) aa_:[ax(x,v,z),av(x,v,2),22(x,v,2)]5

(#114) r_ :[x,v,z]$

(%115) makelist (sum(sum(eps (i,j,k)*diff(aa [k]l,r

d d d

[j]],j,lr3]rk,l,3]ri,3];
d d

(%015) [—az(x zZ)—avy(x z),— ax(x z)y—az(x z),—av(x z)—
[dy (2, ¥, Z) e Vix, ¥, ),dz (2, ¥, Z) T (X, ¥V, ),dx Vi, ¥, 2Z)

d

—ax(x, ¥, z)]

dy

It's no problem at all solving 1.4. with TI-NspireCAS:

e_: =identity{3}

E[iJ,k]:=dotP(e_[i],crossP(e_[j],e_[k])]
a_:=[af a2 a3]:b_:=[b1 b2 b5]

3 3

seq Z Z(s(fj,k]- a1} b [1K)]i1,3

k=1 ! j=1
© Task b
aa_(_ty,z):=[at(_ty,z] ay(_ty,z) az(.ty,z]]:r_:=[.t ¥ z}
3 | 3

elij k)
k=1 |j=1

d ][aa_{,r,y,z}[l }]] 13

dr_[lJ

ay dz dz dx

kif_efs_mblaarf(aa_(l,y,z],[_1' ¥ z]]

dax

{a2 b3-a3 b2,a3 bi-al-b3al b2-a2 bl |

{i(az{l,y,z})_i[ay{l,y,z}),i(m[ly,z}]_i[azh,y,z}),ﬁ[@{ly,z})_;_v(m{w,z})}

[i[az(.ty,z])—i(ay(xy,z]] i(m(_txy,z]]—i_(az(x,y,z]]

[b1 b2 D3]

x5 2]

i_(ay(_ty,z)]—i(m(_r,y,z])
dx dy

Exercise: Using the tensor &, calculate curl(curl A) and compare the result with the result

obtained with the help of the built-in function curl.

In many problems it is convenient to apply a curvilinear coordinate system, like a spherical or a

cylindrical one, instead of the Cartesian system.

In such a system, the gradient of the function f is the vector

1o,
~s, 0a,

gmd(f)z

where the s, are Lamé)- coefficients and can be written as

2 2 2
ox oy oz
;= =— | +| = | +| =—
' o, o, o,

10

(IL1a)

(I.2a)




X, y, z are the Cartesian coordinates and

(a,,a,,2)

denote curvilinear coordinates and 7, denote the local unit vectors.

The divergence of the vector field ;l(Al ,A4,,4;) is the following scalar quantity

divd = 1 |:§(5253A1) N os,554,) + o(s,5,45)

II.3a
5,858, aoa, aa, aa, (IL.3a)
The curl of a vector field A(A4,, A4, ,A,) is of the form
U R
SZSS SISS Sls2
curl (;l)z g 2 2 (I1.4a)
oo, da, da,
SlAl S2A2 S3A3
The Laplacian of the function f may be written as
5(%@‘] 5(%5/‘} a(slszﬂfj
Af = 1 s, oa, N s, oo, N s, oa, (I1.52)

5,8,8, e, e, 208

To solve the next problems we will use the definitions from above, as well as the built-functions of
the computer algebra systems.

U] Gabriel Lamé, French mathematician 1795-1870. Well known is the Lamé-Curve (fj + (%) —1 which
a

with n>1 is also called "super ellipse".

11



LI.5. Determine the gradient of the generic function f{r,0,¢) defined in spherical coordinates.
Solution:

We enter the Cartesian and the spherical coordinates and the relations between them, followed by
the definition of the Lamé coefficients. Applying trigreduce on l.1a gives the gradient — but

dif(r,co,e)

not in its most comfortable form. The second component can be rewritten as W
7 -sin

($11) x:r*sin(theta)*cos(phi)$
v:r*sin(theta) *sin(phi)$
z:r*cos (theta) s

(%1i4) r :[x,v,z]5%
alpha :[r,phi,thetals

(%16) s(j):=sgrt(sum(diff(r [i]l,alpha [j])"2,1i,1,3)}:
. ;

(306) s(j):= % diff(r_;, alpha )

i=1

($17) trigreduce (makelist (1/s(j)*diff(f(r,phi,theta),alpha [1),3,3)):

Ca d
2| —f£ L@, 8 —f o, 8
d It_dnp (r.e }) de (£ro !
(507) [—f(r,p,9)
dr

]

r — — 1 F
\‘r‘—r‘ cos(28) =]

(%$18) trigreduce(sgrt(l-cos(2*theta)));

(%oS)-ﬂl—cos{ZS]

(£$1%) trigexpand(%c8);

(209) \Isin(a]z—cos(632+l
-{Eili} trigsimp (%05) ;
(3010) +/2'|sin(8)

DERIVE enables the same procedure. It is not necessary to manipulate the result in order
to obtain the final result. DERIVE offers a second — much shorter — method using an
extended GRAD-function:

#1: f(r, o, 8) =

d d
— flr, 9, 8) — flr, 9, 8)

#2: d da dg
GRAD(f(r, @&, 8), spherical) = |— f(r, &, 8),
dr r+SIN(h) r

spherical is the coordinate geometry matrix with the independent variables in the first
row and the corresponding Lamé coefficients in the second one.

Comment: In case of the right-hand coordinate system, in which the positive z-axis is
associated with the north pole, the colatitude ¢ is measured in radians south from the north
pole and colongitude &is measured in radians east from the positive x-axis. In the DERIVE
function the angles ¢ and 6 have the reverse meaning. It means that ¢ is replaced by 8 and

by ¢, which can be seen when we compare results %07 (wxMaxima) and #2 (DERIVE).

12



Let's have a look on the TI-NspireCAS screen:

r_:=[_1' y z]:a_:=[r o 6’] [r ] 6]
x=r Sin{ﬂ)- cos((a) Y= Sin(ﬂ)- sin((a):r- 005(6’) cos(ﬁ)- v
3 ) Done
=[]
i=1
r_:=[_r y z]:a_:=[r [0 6’] [r ® 6]
x=r sin[ﬂ]- cos((a] wi=r sin(ﬂ]- sin(qa] Z=r 005(6’] cos(ﬁ]- ¥
3 ) Done
= 2 ot
i=1
list » mat|seq s—;’) ﬁ[ltﬂ[f{r,wﬂ)]j,lj ,3[#=0 and 0=60=m i[f{,.,qalg]] i[’{"@ﬂ)] %U{”sﬁ’ﬂ]]
ar sin(ﬂ]- ¥ ¥
© the Lameé coefficients for spherical coordinates are:
seq[s(j]j,l,3]|r>0 and 0=0=n {l,sin(e]- r,r}

Exercise: First generate the geometry matrices for Cartesian, spherical and cylindrical coordinates
and then write a generalized function for calculating the gradient for all systems.

13



1.6. Calculate:
a) the divergence and

b)  the curl of an arbitrary vector given in the spherical coordinate system:
A=[4.r.0.0). 4,(r.0.0). 4,(r.0.0)]
Solution:

We start with problem a) and proceed calculating the curl:

((¥11) =:r*sin(theta)*cos(phi)$% v:r*sin(theta)*sin(phi)$ z:r*cosi(theta)$
r :[=,v,2z]l5 a :[r,phi,thetal$s

(516) aa_ :[ar(r,phi,theta),aph(r,phi,theta),ath(r,phi,theta)]l;
(306) l[ar(r,e,8),aph(r,e,8),ath(r,p,8)]

(517) s(]j):=sgrt(sum(diff(xr [il,a [j1)"2,1i,1,3});

(307) s(j):= g diff(r  ,a )°

i=1

a) the divergence:
(¥18) assume (r>0)5%

(518) trigsimp(l/(s(1l)*s(2)*s(3))*(diff(s(2)*s(3)*aa [1],
a_[1])+diff(s(1l)*s(3)*aa_[2],a_[2])+diff(s(1)*s(2)*aa_[3],a_[31))):
! ! [ a
(%309) {-——aph(r,@,ﬁ{]hin(8ﬂ+L——ath(r,m,6)+r ———ar(r,m,63)+2ar(r,m,a]l
d g Iada \dr

J

sin(@)?+ath(r, ¢, 8) cos(8) sin(8)) / (r sin(6)?)

(%i10) expand (%) ;
d d
o Pr(T B ih(r,,8) cos(e) ae (TP 2ar(r,e,8)
(%010) + ; + +—ar(r,p,8)+—mMmMM
r|5in{9}|| r=in(9) r dr r

b) the components of the curl:
(2il1) expand (trigsimp (1/(s(2) *s(3)) * (diff(s(3)*aa_[3]1,a_[2])-diff(s(2)*aa_[2]1,a_[31)))):

d
~zach(r,e,8)

d
—ath(r, e, 8
q;a (zro ) aph({r,p,8)co=(8) ds

(%011)

r|5in{9)| rsin(8) r

C (2i12) expand (trigsimp (1/ (s (1) *s(3))*(diff(s(1l)*aa_[1],a [3])-diff(s(3)*aa [3]1,a [11)})):
d

- o
20T T P 0 in(r, e, 0)

d
(¥0l2) ——ath{r, e, o)+
dr r r

" (2i13) expand (trigsimp (1/ (s (1) *s(2) ) * (diff(s(2)*aa_[2],a [1])-diff(s(l)*aa [11,a [21)))):
d
EEAAE aph(r, ¢, 8)

o
(3013) ——— 4+~ aph(r, e, 8)+
r|sin(e)| d=r

You can work with DERIVE or with TI-NspireCAS as demonstrated above (one example):

1
#10: —————— (B3 (A, b, 830, o 2 - S0s(23:CACr, b, B, o D)
s(2)+s(3) 32 23
d d
— AB(r, ¢, &) — Ap(r, ¢, B)
#1: de ApCr, @, B)-COT(BD de
re|SINCE) | ) r B r

14




Exercise: Calculate the divergence of an arbitrary vector in cylindrical coordinates.

A=[A4.(r,0,2), 4,(r.0,2), A.(r,0,2)].

L.7. Find the expression for the Laplacian of the function ®(r, ¢, 8) in spherical coordinates.
Solution:

We enter definition (I.5a) in a more concise form:

3
gl e[

0
ﬁs(]) S\ oa,| s(i) 'a_al_f(’@(”,g)

(*¥114) x:r*sin(theta) *cos(phi)$
v:r¥*sin(theta) *sin(phi)$
z:r*cos (theta) s
r :[®,v,2]5
a_:[r,phi,thetal$
($11%) s(j) :=sgrt(sum(diff(r [il,a [j1)"2,1,1,3));
3

(%¥01%) s(jf):= E diff(r_iJr a_j]I

i=1

- (%120) trigsimp(l/product(s(j),J,1,3) *sum(diff (productisik),k,1,3)/
s(i)"~Z*diff (£ (r,phi,thetal),a [i1),a [i1),i,1,3));
{ a _ f a2 ‘ " a \ ~
(%020) {i Hf(r,tp,ﬁ]+r‘1 f(r,p,8)|+2 r'—f(r,qa,ﬁ] | sin(8)°+
L de? L J dr J

2
dr

.
£

Flr,p,8))/ (£ sin(8)?)

" a
‘—f(r, P, 6)) cos(8) sin(9)+
\de d g2

We can compare with the DERIVE result (consider that ¢ and 6 are interchanged!):

LOAD(C:\Program F1les\TI Education\Derive 6\Math\VectorMatrixFunctions.mth)
f(r, ¢, 8) =
LAPLACIANCF(r, &, 8), spherical)

d d 32 2 (d Y2 d d 2
QOT(p).— f(r, o, 8) [—] f(r, o, 8) r [—] f(r, o, 8) + 2.r+— f(r, o, 8) + [—] f(r, o, 8)
dp do dr dr dp

+ +
2 2 2 2
r r «SIN(®) r

Exercise: Find the Laplacian of function f{r,p,z) in cylindrical coordinates.
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I1. Electric Field

Introduction

The most elementary part of physics dealing with electromagnetic interactions is called
electrostatics. Electrostatics describes the interaction between stationary electric charges. The force

of interaction between two point charges obeys Coulomb’s law. Force F acting on a charge ¢

whose position is 7, due to a charge Q at R, is given by

L 9@ ;_ §

F:47Z'80”_§3 ,

where ¢, denotes the permittivity in a vacuum.

Electrostatic interactions may also be described in a different way, by means of the concept of
an electric field. Within this formalism, the force F acting on a charge ¢ is the product of the

charge ¢ and the electric field £ caused by the charge QO

F=q-E,

hence
=1 2 g,
9 47 |7 - R|
The modern formulation of electrostatics is based on Gauss's law’, which may be written in the
form
§.Eas-2,
N 80

where 0 is the total charge giving rise to the electrostatic field £ , confined by a closed surface S.
In differential notation Gauss's law is of the form

(B P
div|E)=—,
(7)=2
where p is the charge density.

One very important property of an electrostatic field is the fact that it can be described by a
scalar function called the potential. This is a consequence of conservative nature of electrostatic

force. Field intensity E and potential @ are related to each other by the equation

E = —grad(®).

) https://en.wikipedia.org/wiki/Gauss's_law
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Thus, Gauss's law, expressed in terms of the potential, reads

Vip=-L
80

2

which is known as Poisson's law (V> denotes the Laplace operator).

The electric field created by a system of electric charges is the vector sum of the fields created
by the individual charges (the principle of superposition).

Using the equations given above, we can solve standard exercises as presented below. Some of
them will deal with discrete charges, the other ones with continuously distributed charges.

PROBLEMS

II.1  Split point charge Q into two point charges ¢ and (Q — ¢), separated by a distance of d, so
that the force of interaction between them is maximum.

Solution: According to Coulomb's law, the magnitude of the force of repulsion between the
charges is given by

(511) F:1/ ({4*spi*epsilon[0]) *g* (Q-q) /d"2;

qe-q]
($0l) — =
2

4ﬂEDd

and

1$12) solwve (diff(F,oq)=0,q):

(goz) [ Q]
Lo —_
= of 5

The problem can also be solved by directly finding the maximum value of the function F (even its
nominator only) i.e. by solving the equation

d
d—qq(Q -q)=0.

Let’s find the solution of the above equation

(%13) zolve (Aiff (g (CO-o) o) =0,0) ;

(03] [ Q]
- -2
F o 2

and then check the kind of the turning point by evaluating the second derivative for the obtained
solution

(%15) =sign(diff (g¥ (Q-o) , o, 2));
[%05) neg

From %03 and %05 we see that at ¢ = O/2 the interactive force is maximum.

Note: In the above exercise evaluation of sign function is not necessary. See below

(2i6) dAiff (g* (Q-o) ., d,2);
{506] -2
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We will skip the DERIVE and the TI-NspireCAS treatment as well because we recognize the
quadratic function with zeros at g, = 0 and ¢, = Q. As the graph is a downwards open
parabola its vertex is at qo = Q/2.

[

II.2 We consider a system of an infinite number of point charges O, which are distributed on a
half-line in such a way that the first charge is put at a distance of d from the beginning of the
half-line, 4, and each successive distance is chosen to be as « times greater than the previous
one. Find the force acting on a point charge ¢ placed at 4.

Solution: The resultant force acting on ¢ is the algebraic sum of Coulomb forces originating from
the successive charges Q.

(%1i1) Fig¥Q/ (4%%pi*epsilon[0]) ¥sum(l/ (alpha™n*d) *Z,n,0,inf)
(2]
1
— g @
Z
V)
n=0
[%ol)
Z
4ﬂEDd

Let’s try to evaluate the above expression.

[%¥12) assume (alpha>0) §
[313) 'F=F,=2inmp=wm:
Iz o.-1 peositive, regative, ol Zerc?p:
1]
1
ey
]
o
n=n qa
[%03)
z 1
dmag d 41150(1——]632
D.'.Z

The above sum was calculated with a—1 > 0 1i.e. the force takes the simple form for o> 1.

For <1 we get

($14) 'F=F,=simp=sum;
Iz o-1 peositive, regative, ol Eero?i;
Sum: swn iz divergent.
—— an error. To debug this try: debugmode (true

. . . . . .1
Let us notice that in our series (geometrical series) the ratio — appears.
a

(¥15) a[n] :=1/alpha”* (2%n) §
[216) expand|
a[n+1] fa[n]
1

18



Hence the solution of our problem (a> 1) .

This is the DERIVE solution:

#1: [CaseMode := Sensitive, InputMode := Word]

q-Q = 1
Feze —MM« % ———
#2: 4.0 n=0 n 2
(o0 -d)
o - 2-n
Q.g: ¥ o
n=0
#3: F =
2
dugred -0

We see that there is a geometric series with quotient 1/o"2.

- 2+(n + 1)
o 1
#4- =
- 2n 2
o o
#5: o € Real (1, =) Seta<1:

i o . . #7: o € Real (—=, 1]
F from above is recalculated and is given in a simpler form:

o - 2+n
2

Q-q-o n=0
#6: F =

2 2

dored se20.( - 1) dured €0

With TI-NspireCAS we cannot distinguish between lower and uppercase characters, so we
denote Q as qq:

2 : a_2' n o
- . 2 7" g
g 99 Z :( 1 , =0
47 0 2 40T

n=0 (ﬂ'n'd)

7 qq a

la=1 *

4 .2'2- (az—l) EQ T

IL3 Three stationary charges O;, 0, and Qs are placed at the following positions R (x,, ¥, z,),
R,(x,,v,, Z,) and R,(x,,,, z,) , respectively.
a)  Write down expressions describing the field potential at the point 7(x, y,z).
b)  Compute the resultant force acting on an electron of charge ¢ for the data:

x=6m, y=—7m, z=9m, O, =4C, 0, =-3C, 0, =0.5C,
R,(0, 2, 0), R,(-3,2,0) and R,(0,0,0).
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Solution:
The potential at the point 7, due to a single charge O; placed at the point given by the position

vector R; can be expressed as

® 1 O

J

B 4re, ‘F_Ej‘

X

According to the principle of superposition, the resultant potential is
@:Z@h
J

a)  To make the notation more concise the components of the position vectors R , of the charges

0 . are entered in the form of the matrix R_.

(¢i1) R :watrix([0,2,01,[-3,2,01,[0,0,0]) *m;

u] zm 0
[(501) |[-3m 2= 0O
u] u} u}

while the charges as components of the vector Q .

(%12) Q :[4,-3,1/2]*C;
[
[(xo02) [2 o, -3 C;E]

Then the resultant potential at 7(x, y,z) can be written as follows:

(%13) Phiix,v,x):=1/(4*%3pi*sep3ilon[0])*
sum (Q [3]/sqgre({r_-B_[31).(r_-B [311).3,1,lengthiQ }};
lengthlil:l_ll

1 2,

dme - - '
0 Wj‘r— B . (R )
i=1

(z03) dix, v, x):=

with

(51i4) r [, v,.x]:

(5o0t) [®,v,x]

20




b)  The desired force has the form

where
F=q-E, Ez—grad(CD)

We load the file “vect” and enter the above relations.

(%15) loadivect) i
(%ig8) E_ (x,¥,x):=-eviexpressigrad(FPhi(x,v,=2))),diff) §
($i7) F_ix,v,x):=g*E_(x, v,z §

The magnitude of the resultant force is

(518) Fix,v,z]:=sqre(F_(x,v.2) .F_i(x, v, 2] )%

We import the value of the electron charge and electric constant from the utility file
“physical_constants”.

[512) load [physical_constantSH
propvars [physical constant):

(20l0) [ £a, smu 0, 58 0, 585 0, 3G, $h, $h _bar, fm P, ST P, 51 P, ¥t P, 5%e, %Phi_ﬂ, G 0, 5K J, 3R K,
$mu B, dmu N.o, $E_inf, $a 0, $E_h, $ratio h me, %m o, $N_A, $m_u, $F,; SR, $%k, 5V _m, $n_0, Sratic S50
s0. %c 1, %c 1L, $c 2, %b, %b prime]
({¥111) get (%$%e,description);
(%0ll) elementary charge

(%i12) get (%= _0,description);
(3012} electric constant $51/(\mu 0 c*2)$5

In the next step we evaluate the magnitude of the resultant force at the point #[6m,—7m,9m].

(%¥112) float (subst([g=constvalue (%%e),
epsilon[0]=constvalue (% 0},
x=6%*m, y=—7*m, z=%*m] , F(x,v,z) )} )

1.615850173775426 107 |e|  nlew
(%513) :

-
£

2,2
m 57 A

In the final step we replace symbol “.” by ”*”.

(%114) (1.615850173775426%10"-11*C) /m™2 * (m"2*C*N)/ (s"2*A"2);
1.615850173775426 10 1 c?

(Fo0ld)
-t

Simplifying units returns

(%115) subst (A=C/s5,%);
(%¥015) 1.615850173775426 10 ' N

Next page shows the respective DERIVE session followed by the TI-NspireCAS screens:
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#1: [CaseMode == Sensitive, InputMode := Word]

#2: LOADCC:\Program F1les\TI Education\Derive &\Math\PhysicalConstants.mth)

1 -9 2
+10  «coulomb
360
#3: q:=e_, 0 =
2
newton.meter
o 2 0
1
#4- Q_:=|4, 3, — |rcoulomb, R_:=| -3 2 0 |:meter
2
0 0 0
#5: 0 r_ =[x, vy, z]
O
1 DIM(Q) ]
#6: = — ¥ -
4.0 Jj=1 r_ - R_|
]
#7 [E_ == — GRAD{$), F_ = g-E_]
#8:  |SUBST(F_, r_, [6, -7, 9].meter)|
-11
#9:  1.615890105.10 . |newton]

TI-NspireCAS treatment is following. The gradient function is not provided by the system, so
we use Michel Beaudin's library (presented in DNL#98) in order to apply his grad function.

Elementary charge q and electric constant (permittivity in a vacuum) &, are provided among
the “Constants” in the “Unit Conversions” which can be found in the Documents Toolbox.

- |
© electron charge q and permittivity £0 are implemented as _q and _&0 (meter = _m].
q:=_q:£0:=_g0:m:=_m 1.000000- _m
qq_=[4 -3 0.5]' coul  [4.000000- _coul -3.000000- _coul 0.500000- _coul]

0 20 0 2.000000- _m 0
M—=-3 2 of ™ -3.000000 _m 2.000000: _m 0
0 00 0 0 0
ra=lx y 7 [x » 2]
dim(gq_)(2] _
1 2 : gq_[1,]
P:=
4- 7 £0 Inoml(r_—rr_[ﬂ)
j=1
-26962655362.1
om _V—,
J_r3+6. 000000- v _m-+y>-4.000000- y _m-+z>+13.000000 _m> Feiees
ee_=kit ets mbloradlo[x v z1) v
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4 -7 £0 noml(r_—?‘-"_[ﬂ) ]
Jj=1

-26962655362.1

F

A -26962655362.1- (x+3.000000- _m)

ee_.=ee_|x=6-m and y=-7-m and z=9- m

_coul _coul _coul
ffi=q ee_ [4. 160160€e-12- N -1.069884e-11- N 1.137212e-11- _N]

norm(fF) 1.615850e-11- _N

om _V+
J_r3+6. 000000 v _m+y=2-4.000000- y _m-+z>+13.000000- _m> Pyl

ee_.="kif_ets_mb\grad (qp ,[.1' ¥ zD

_m,
q) 1.500000

(+246.000000 1+ _mrty?-4.000000- y- _m-z2+13.000000- _m>

_N N N
25965674.5977- -66776938.0585- 70979162.7842-

£

II.4 Three point charges O;, O,, Qs are placed as shown in Fig 11.4 .

d)

¥

-3

03 Fo- 01
o

w3 W "

w2 Q2

Fig 1.4

Give the formula for the resulting electric field in a generic point 7(x, y, z).

Calculate all Cartesian components of the electric field on the x-axis.

For identical charge (Q; = 0>= 0s= Q) and the distances x; = x, = y; = y; = b calculate
the parameter 7= % for which the field component Ey of the resultant field
disappears at x = 0.

Plot the curve Ey(x) for the calculated parameter #.

Solution:

a)  First we enter the given data:

(511}
(513

Q :[0Q1,02,031§ r :[x v 21§

B tmacrix([x1,v1,0],[0,v2,0],[=x3,v3,0]) g
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According to the principle of superposition (page 16), the resultant field at the point 7 can be
expressed as

(ti4] E :1/(4%%piveps0) *
sum (Q [3]/sqreiir -F [3]1).(c -R [31))*3*i{r -E [3]}1.,
3,1, length(Q )%

b)  We calculate all Cartesian components of electric field along the x-axis:

(%15) subat(y=0,2z=0,E |:

[x-x3)03 ® Q2 (r-xl1Q1
3z 372 352
z z z 2 7
B L Ly N PR TN (T I 1158
(%05) [ :
47 epsi
Ty -y 03 Ty —y2) Q2 Ty-yl) 01
3z 347 37
z z z z z
(z2+|:y—y3:| +ix-x3) ) l:zzﬂy—yﬂ +32) (zz+|:y—y1) +ix-x1) )
4 qepsi) ’
E Q3 E Q2 E Q1
352 37 afz
z 7 7 z z
Ty e L P P L P R TN T I TN
]
dqepsd

c)  We extract the field component Ey:

(i8] Ey:E [2]%

At the origin of the reference system and for all identical charges and the distances

X=X =) =y3=b, W =—nb we have

[(217) edq:ev(Ev,Q01l=0,02=0,03=0,
=0, w=0, =z=0,
¥l=h,x2=h,x3=-b,v1l=h,vi=—-eta¥h, yvi=h):
Q Q

. 2lo|n n] 2’5 ||

4@ epsd

o

(%0

It is desired be equal to zero. To find the parameter 7 it remains to solve the above equation

(%18) azsume (b>0,etax0)§
[312) =zolwvel(eviedq)=0,eta):

(508) [n=-z17%, q=21/%]

1
Hence the desired parameter value is 77 =24

[%110) eta:r3x[2]:

($010) p=21/%
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Then the explicit form of Ey is

[5111) Ev;
(¥ —F31 Q8 ¥y -y Q2 ly -yl ol
Bz iz 3z
i Z Z Z Z
izz+iy—y33 +ix-x3) ) izz+iy—y2:l +lel izz+iy—yl3 tlx-x1) )
[%0ll)
4 epsd

(d) Now we plot the desired component Ey(x) (for the calculated parameter # value) and the
following remaining parameters values: & = 1, 0 =1, b = 1 (needs loading library "draw"").

{%¥112) f(x):=ev(Ey,eps0=1,0Q1=1,02=1,03=1,
w=0, z=0,
wl=1,x2=1,x3=—-1,v1=1,v2=-2*(1/4),v3=1) 3
1%113) load(draw) ;
[(%013) C:/PROGEA~1 /MANTMA~1.Z/ /share/maxima /5. 253. 2/ share/draw/draw. 1isp
{%114) drawzd| title = "Eyi(x)",
expliciti(fi(x),=x,-3,31):

Ey(x)

The TI-Nspire treatment follows:

~

qq_i=[qq? q92 qrﬁ] [qq? q92 qfﬁ]
r [x » 2]
xI I 0 xI ¥I 0
m_=| g ¥2 0 0 p»2 0
x3 3 0 x3 3 0

1 dim(ga_)[2] (]
B _ 2 —99-LJ]
. 4 1 eps0 \ nol'm{?‘_—?'-"_m} ]

7 3
qq + g "

4 eps0 M Jx2—2' xI'x+}'2—2'}'1-}'+z2+x12+y32 4 eps( Jx2—2'x3-x+y2—2'}'3-}'+22+x32+y32

ge_=-Fit_ets_mb Hgmd(w, [x ¥ z]}
ggl (x—xI] . gg3 {x—xj‘}
A 3

2
4 epsO- T {xz—Q'xI'x+y2—2'y1-y+22+x32+y12] 4 epsO- T (x2—2'x3-x+y2—2'y3-y+zz+x32+_

gex: =ee_[ 1, 1][}'=O and z=0
gq1 [x—x1) . g3 (x—x3) . qq2 x
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£EX =ee_[ l,l][y=0 and z=0 :
g1 [x-x1) . g93 (x—x3) . 9q2 x
i 3 3 3
2 2 2
4-eps0- T {x2—2-x3-x+x12+y3'2} 4 eps0- T [):2—2-x3-x+x32+y32} 4 epsd- {x2+}4 }

eV =ee_[ 1, 2][}'=0 and z=0
qg1- 1 _ gg3-y3 _ ggq2 y2
A 3 3 3

2 2 2
4-eps0- T {x2—2-x3-x+x12+y3'2] 4 eps0- T [12—2- x3-x+x32+y32} 4 eps- 7 {)(2+y22]

A eex =ee_[ 1, 3]|y=0 and z=0 0

eeylgg I=qgg and gg 2=gg and gg3=gq and xJ7=>b and y7=>b and x3=-b and »3=b
b gg b qg _ gq y2
3 3 3

2 2 2
sopsom 22 b 0282 tepsom (22 b xe252)” 4 epson Pey2?)

eev|gg I=gq and gq 2=gg and gg3=gg and xJ=b and y7=>b and x3=-b and y3=> and x=0 and}

r}'b

qq| L
4:}|r}JT 8-

It is not necessary to add any restrictions for the variables for solving the equation.

et e = |

~

.b'|b|'epsﬂ
| ' ) J2_ q
s 4«
solve b - n=2 ~ orgg=0
b-|b|-epsﬂ
1

eeylepsO=1and gqg7=1and gg2=1and gg3=1and xJ7=1and y7=1and x3=-1 and }3=1and y2=-2 &

-
=)

sn ez arn)” anml?o2xe2)” anm {x2+J2_} :

[
to | o

1 Done
- 1 e
+
3 3

4 (x2+2 x+2] 4 (,r2—2 x+2) ? en (12+J5] :

f1lx):=

Now we can plot f1(x).
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F3.77 02 3777
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II.5 Equal charges of value Q are placed in the vertices of a regular hexagon with sides of
length a.

|y

[=]

Q Q
Fig IL5

Calculate:

a)  the potential of the field in the centre of the hexagon,

b)  the electric field and potential in the centre of one given side of your choice.

Solution:

Remember, the potential of the electric field at the point 7 resulting from a charge O, placed in a
point Iéi is described by the relation
Y
o = !

7 4re, ‘F—R.
j

b

In the problem discussed 0, =0, (j=1, 2 ..., 6). Hence, the resultant potential can be written in

the form

ol § O _ 04 1
4re, jzl‘?— Rj‘ dms, j=\ |7 — Ej'
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The components of the position vectors R . » taking the centre of the hexagon as the origin of the

coordinate system, are given by:
X; :acos(gjj, Az :asin(%j} z,=0, (j=12,..,6)

We enter the formulae for the position vectors of the charges, the position vector of the observed
point and the resultant potential according to the equation from above:

R _(j):=[a*cos(%pi/3¥%]),a*sin(%pi/3*]),01%
assume (a>0) 5
r :[%,v,2]5

)
)
)
) Phi:Q/ (4*%pi*eps0) *sum(l/sgrt((r_-R_(J)).(r_-R_(3))),31,1,6)%

(%11l
(%12
(%13
(%14

a)  Then the potential in the centre of the hexagon is

(%15) Phi,x=0,vy=0,=2=0;
30

(¥03) ——m
2moasps0

b)  In the centre of any given side the potential is

(¥1i6¢) Phi,x=0,yv=a/2%sgrt(3),=z=0;
" a Fl &)Q
| 13 2 '\F‘a 2

(%06
4 1 epsl

To calculate the field we enter the well known relation between field and the potential
E =—grad (CD)
and then we calculate the field in the centre of one side of the hexagon (let's say in the point

(sz,yz%ﬁ,zsz.

($18) E_:-grad(Phi)s
(£¥1%) E :ev(express(E ),diff)5
(%110} E_,x=0,y=a/2*sgrt (3),z=0;

[ 1643 843 )
- o

13372 aZ -?3_4’2&.1

(3010) [0, — , 01
4 o eps0

. (%111} radcan (%)
. (2313324443732 o
r r

73/2133/2 5 2% eps0

(%o0ll)

0]

DERIVE and TI-NspireCAS treatments are very similar.

Exercise: Compute the magnitude of the electric field and potential in the centres of all remaining
sides of the hexagon and compare the obtained results.
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I1.6 There are five charges Q,, O,, O;, O, and O, located as shown in Fig. I1.6.

@2 Y ol
[

A=

e

| s -
i - -
‘/___9?__‘(14
03

AR T

Fig. IL6

a)  Find the relation between charges Q,, O,, 0,, O, for which the resulting acting on
the charge Q, disappears?
b)  Plot the equipotential curves and the 3D-plot of the potential.

Solution:

One of the solutions, namely: O, =0, = O, = O, (full symmetry) is obvious. We try to find the

remaining solutions.

a)  Inthe problem we have

(%i1) BR_:matrix([a,a,0],[-2,a,0],[-a,—=a,0],[a,-=a,0])/25
assume (2>0) 5
r :[=xy,z]% Q :[01,Q02,Q03,Q415%

To find the remaining solutions we take advantage of relations met in the previous task. The
potential of the electric field at the point 7 resulting from a charge Q; placed in a point Rj is

described by the relation

(3i5) Phi:l/ (4*$pi*eps0)*
sum(Q_[3]1/sgrt ((r_-R_[3]) . (r_-R_[11)),3,1,4)%

Let us apply the connection between potential and field strength and calculate the field strength at
the location point of charge Q,.

(%i6) load(vect)? E_:-grad(Phi)$5
(518) E_:ev(express(E ),diff)5
EQ0 :ev(E ,x=0,y=0,z=0)%
. (%¥110) EOx:factor (EC_[1]);EOy:factor (E0_[2]);E0z:factor(E0_[3]);
04-03-02+01

(3010)

23725 5% ep=0

Q4+ 03 -02—-01

(201l) —0m—————

23/2 1 2% eps0
(3012) 0

The electric field vector disappears in the desired point if every its component is zero. This implies
that we have to solve two equations. We try to solve this equation system e.g. for the unknowns O,
and Q,.

 (%i13) solve([EO0x,EO0y], [Q1,Q21);
(3013) [[QI=03,02=04]]
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From the received solution we can conclude that the resultant power acting on charge O, disappears
when conditions Q; = 05 and O, = O, are fulfilled.

Of course, if every component of any vector is equal zero then its value (Iength of the vector) is equal
to zero. We are getting the task to the solution of only one equation

(EE)r:[o,o,O] =0

We try to solve this equation for one unknown e.g. for Q;:

 (%i14) solve(E0_.E0 ,Q1); solve(E0 .E0 ,Q2);
(3014) [pl=-%1 04+03+%1i 02, 0l1=%1 od4+03-%1 p2]
(3015) [02=Q4-%i 03+%i 01, 02=04+%i 03-%i Q1]

As charges are real we deduce from %o014 that O, = Q4 and further O; = Q;.

Of course, the same relations between charges are being received by solving the equation with
respect to any other charge e.g. O, (see above %015).

We can obtain solution of the problem in a single step applying the solve command:

| (%116) solve(E0 , [Q1,Q2]1);
solve: dependent eguations eliminated: (3)
(20le) [[QI=03,02=04]]

b)  Let's produce the plots:

(2117} eps0:15 a:15 Ql:15 02:-15 Q3:15 04:02%
© (%i23) PhizO:ev (Phi,z=0)$%
| (3i24) load(draw)$

We generate the 3D-plot of the potential.

(8i27) wxplot3d (Phiz0, [x,-2,2]1, [y, 2,21, [color,magental);

Function

(5t27)

(%027)
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This is another form of the plot:

The equipotential curves in the xy-plane are plotted:

Phiz0:ev(Phi,z = 0) ——

(%¥126) draw3d(title="Contours of the Potential™,

explicit (Phiz0,x,-1,1,v,-1,1),

contour levels =

Contours of the Potential

contour = map,
surface hide = true);
1
/=
0.5 L
SN
0

-0.5 |
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With the symbolic pocket calculator Voyage 200
we can plot the surface and its contour plot as
well. The screen shots right and below are
demonstrating this. It is understandable that we
cannot expect high quality plots like those done
on a PC but for a hand held product the plots
are pretty good.

I’F T Few T Fz T FEw T _FET B
- f [Zo0M | Trace Regraph Math|0Oraw|« Fﬁ

The TI-NspireCAS 3D-plot of the potential
looks pretty good (left hand side), but
unfortunately it is not possible to produce its
contour plot.

What we can do to get an impression of the
contour lines, is tracing the surface.

See below the trace for z = 0.08 (left) and
z = 0.16 (right).

|’F T Fer T F= T ] FE* T _FGT T
- f|Foom|Trace |Rearaph|Math|Drau|« F:?

TEUTH EAD AUTO L]

|’F T Fzr T Fx T FE* | _FG™ B
+ f—|Z0om|Trace Eegraph Math|0Oraw|« if'?

=> =
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II.7 Four identical charges g are placed in the vertices of a square, whose sides are of length a.

(Fig. 1L.7)
qT\__ Y —ﬂq
VRN N
NS X
KQ pre
e IEGNY
Fig. 11.7

a)  Which charge O should be placed in the centre of the square, in order for the entire
system to be in equilibrium?

b)  Assuming the charges ¢ are stationary, write expressions for the force acting on charge QO
after moving it form the centre by a distance b in direction:
ba) of one of the vertices,
bb) of the centre of one of the sides,
bc) perpendicular to the plane of the square.
Give approximations for these expressions in case of b <<a.
Solution:
a)  According to Coulomb's law the force acting on a charge g, placed in R ,» due to charge g, in 11
is given by
__ L a9
_4”%‘R.—ﬁf

J

(I_éj _]_éi)'

5J

(%11) g :[ag,q9,9,9]5
(%i2) R_:1/2*matrix[[-a,-a,0]1,[a,-a,0]1,[a,2a,0]1,[-a,2,0]1%

- and Coulomb's Law:
($13) F_(i,j):=if i=3j then 0 else
1/ (4*%pi*eps0) * (g _[11*g [J1)*(R_[J1-R_[i1}/
sgrt ((R_[J1-R_[i1).(R_[J1-R _[1i1))"3:
1

. . R .—R .
i (LT (R TR )

(%03) F (i, Fj):=if i=7F then 0 else

3
VIR ;-R ) - (R -R )

The total force acting on a charge g; is the vector sum of all forces due to the charges placed in all
remaining vertices of the square and the force due to charge Q (with position vector ¥ =r_).

(%i4) r :[0,0,0]1%

(%¥15) Ftotal (J):=sum(F_(i,3j),i,1,lengthi{g )+
1/ (4*%pi*eps0) * (Q*qg [J1)*(R_[j1-x )/

sgrt ((R_[Jl1-r ). (R _[JI1-x_))"3;:
lengthigqg ) 1
4mepso {Qq_j} {R_j_r_}
($05) Ftotal (j):= F (i,7)+ S
-\‘{R_j—r_) . [R_J_.—r_}

i=1
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The system will be in equilibrium when the resultant force acting on one of the charges ¢ from the
other charges equals zero. First we will find the required charge Q forj = 1.

(%1i6) Ftotal(j):=sgrt(Ftotal (j).Ftotal (j))5
(for J = 1,...,4)
(%$17) Ftotal(l):

hony T2, 7 —T
23f2na|a|spsﬁ z’fzna|a|spso 411&|&|Epsq

5 5 |

(%$18) factor(%);

|q||4 o+(232+1) q|
(%o08)

a8 naz|sps-5'|
($19) solve (%0B=0,0Q);
(2°/2+1) g
4

(¥08) [o=-

The total force should be zero for all indices j. Let's verify the obtained solution:

| (2i10) Q:-(27(3/2)+1)/4*qS

(¥111l) ratsimp([Ftotal(l),Ftotal(2),Ftotal(3),Ftotal(4)])};
(%011) [0,0,0,0]

b) Now we will calculate the force F—Q arising on charge Q due to its displacement. Q is placed at

position 7(x,y,z).

(3i12) r_:[x,y,z]S

 (2i13) FQ :Q/ (4*%pi¥eps0) *sum( (g []1)*(r -R_[§1)/
sgrt ((R_[J]1-r_ )} . (R_[jl-r ))}"3,3,1,1lengthig }))%

ba) The resulting force acting on charge Q

qT\\—— —7Tq
| N N

0

AN
N~ |
gl = N

can be entered in the following form (%i14). For small displacements b << g we will
introduce the parameter 0 (b = d @) and then perform the Taylor expansion of force

FQ = FQ__ up to the first order term.

(2114} ex:ev(FQ ,x=b/sgrt(2),y=b/sgrt(2),=z=0)5
{%¥115) assume (2>0,eps0>0)5
(¥11l6) tavlor(ev(ex,b=delta*a),delta,0,1);

) (2g?+2+g?) 5 (2 g?+2+g?) 5
(%0l6) /1) [ ... +.

e 0+..0]

4a2nsps-5' 4a2nsps-5'
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We see that the calculated force is repulsive. Let's calculate the magnitude of this force, too:

 (%117) sqgrt(%.%);
taylor: assumed to be zero: O0+...

Naqf2'+s qzq.f?a+

4 =ps0 2o

(%017)/T/

bb) Now charge O moves towards the centre of a side of the square:

¥

[o [
1< A
| /I
| b{ x
s \I
|
QJ.L’Z____\I.q

For a small displacement we get:

 (%i18) ex:ev(FQ ,x=a*delta,y=0,z=0)$
(%¥11%) taylor(ex,delta,0,1);

) (g?2'+44%) 5
(%0l15)/T/ [ +..

- cr 0+ ..., 0+..01]
4 a° m epsl

We see that the calculated force is repulsive again.

bc) In the last case we have a displacement in direction perpendicular to the plane of the square
(see next figure).

We perform the same procedure as above and we find out that now the resulting force is
attractive.

| (2i20) ex:ev(FQ ,x=0,y=0,z=a*delta)$
(¥121) tavylor(ex,delta,0,1);
(~J2+a)g’s :
— ...

(%3021)/T/ [O+...,0+..., -
2ma“ eps0

Resuming we see (results %016, %019 and %021) that in point (0,0,0) the equilibrium
state of charge Q is an unstable one.

DERIVE and TI-NspireCAS treatment as well are easy to perform and deliver the same
results.
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II.8 Two charges of absolute value QO and opposite signs are placed at a distance of d from each
other (an electric dipole). The origin of the coordinate system is taken to be the centre of the
dipole. The configuration of the dipole is shown in Fig. I1.8

Solution:

Fig. IL.8

Calculate the potential of such a dipole in a generic point P(x,y,z).
Plot the equipotential lines for the dipole.

How may one estimate the potential for the case that distance d is much smaller than
distance r of point P(x, y, z) from the centre of the dipole?

Estimate the electric field for the case that distance d is much smaller than distance » of
point P(x,y,z) from the centre of the dipole.

a)  We start with the potential in point 7 , due to a single charge Q placed in point P given by its

position vector R.

The resultant potential is the sum of the potentials generated by the individual charges, therefore

we get:

(%1i1)
(%512)
(%13)
(%515)

(%03)

r :[x,v,2]15
Phi(Q,r_,R_):=(1/(4*%pi*eps0)) *(Q/sgrt((r_-R_).(xr_-R_}))%
R1_:[0,0,-d/21§ R2_:[0,0,d/215
Phidipol:Phi (-Q,r ,R1 )+Phi(Q,r ,RZ };

o o

Coaye L, Coayd o,
énspsﬂJi z—:] +YC+:.;‘ 41-_[5535041 z+:) +};C+xc
\ 2 \ 2

In the symmetry plane of the dipole the potential is zero.

(%i6)
(%06)

ev (Phidipol, z=0) ;
0

Along the dipole symmetry axis we get:

(%17)

(%07)

ev (Phidipol, x=0,v=0):
o o

d
z4+—
2

4 1 eps0

d
z—j‘ 4 1 epsl
“
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b)  Let's plot the equipotential curves in the xz-plane (i.e. for y = 0):

(%$18) PhidipolO:ev (Phidipol,Q=1,d=1,eps0=1,y=0);

(%cb)

load(draw) s

draw3d(title="Egquipotential Lines",
explicit (Phidipol0,x,-0.4,0.4,2z,-1,1},
contour levels=25,

contour=map,

surface hide=true);

Equipotential Lines

0.5 r

-0.5

. . . d o .
¢) In order to estimate the potential of the dipole we use the parameter 6 = — describing the ratio
r

of the length of the dipole to the distance of the observed point from the centre of the dipole
and then calculate the Taylor expansion of the potential with respect to the parameter o
preserving only the first order term of the expansion. Then we will return to the previous
variables.

(%15
(%110}
C(%ill)

{2011}

C(%i12)

(%012)

risgrti{r_.xr )5

ex:ev (Phidipol,d=delta*r) 5

FPhiapprox: factor (tavlor(ex,delta,0,1});
5=z0

4 epsl [zz+y2+3-£2}

Phiapprox:ev (Phiapprox,delta=d/r);
dzQ

5 - 5 3/2
dpepsl(z"+y +x7)
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Along the symmetry axis of the dipole we get:

(2i13) ev (Phiapprox, x=0, v=0) ;
dg

(3013) — =

4115psﬂz|4

The approximated potential (result 0%12) can be written in a compact form

1 p-7F
dre, 1

where p denotes the dipole moment p =[0,0,0d]. Below is the verification of this compact form.

© (%i14) p :[0,0,0Q%d]S
{%115) Phiapprox—-(1/ (4*%pi*epsl))*(p_.xr )}/ /r"™3;
{(%0l3) 0O

d)  For the field we enter the known relation

.{%ilg} load(vect) s
(%#112) E_:-grad(Phidipol) s
{%120) E :ev(express(E_),diff)$5

The approximated field can be calculated in a similar way as the approximated potential:

| (%i21) E_:ev(E_,d=delta*r)$
(%*122) Eapprox :taylor(E ,delta,0,1)5%
{(%122) Eapprox :ev (Eapprox ,delta=d/r)$

The approximated field (hidden in %i23) can also be written in compact form

1 3p-7_. p
I"——3.
4rs, 1S r

See the verification:

-{5i24} factor (Eapprox -1/ (4*%pi*eps0)*(3*(p_.r ) *r /r*5-p /r"3));
(%024) [0,0,0]

It is not difficult to produce the contour plot with DERIVE, all calculations and TI-NspireCAS
treatment as well are easy to perform and deliver the same results. We show some DERIVE
lines followed by the contour plot (plot of expression #7)

2z 2 2 2 2 z
O Gfldex + 4y + 2z +d) ) - 4w + 4y + (2.2 -d) D)

i i Z i i Z
2emeclefldoe + 4y 4 (2vz o+ d) DSl 4oy o+ (2ez - d) D

#4: tdipol =

f
#7: VECTOR[SUBST(¢dipD1, [0, O, d, ¥], [1, 1, 1, 013 = . N, =5, 5]
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Eapprox_ - ' r_ - —— | = [0, 0, 0]
#14&: el 5 3

With TI-Nspire we proceed like in Example 11.6: we plot the surface and then trace in
y-direction which is upwards in our case (left: y = 0.2, right: y=-0.04).

Exercise: There are three point charges located on a line (linear quadrupole). Plot the equipotential
lines and produce a 3D plot of the potential of this quadrupole with charge —¢ at x = —a, the second
charge —q at x = a and the third charge 2¢ located at the origin of the reference system.
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II.9 Point charge Q is located at a distance b from the centre of a grounded conducting sphere of
radius R (b < R). Find the position and magnitude of an image charge ¢ which generates a zero
potential on the spherical surface. Plot the equipotential lines.

Solution:

The potential at a distance » from point charge O can be expressed as

O(Q,r)= ! 2

drg, r

By symmetry, the image charge must lie on the straight line connecting O and the centre of the
sphere.

o

o
T

T
|
|
|
1

b
e 4

Fig. IL9

The potential must be zero on the surface of the sphere. In particular it must be zero in the nearest
and farthest points on the equator of the sphere which contains Q. Hence we build two equations and
solve the system for a and g.

(¥i1) Phi(Q,r):=1/(4*%pi*eps0)*(Q/x);
1 g

(30l) @(g,r)i=—""—"—
4gepslr

(%¥12) eql:Phi(Q,b—-R)}+Phi (g,R-a)=05
(%¥13) eq2:Phi (Q,b+R)}+Phi (g, R+a) =05
($14) solve(leql,eq2], [q,al);

OR rZ

(%od) I [q=—T; a=?] ]

From %04 we deduce magnitude ¢ and distance a of the image charge:

(%$i5) g:-(Q*R)/bS 2:R"2/bS

Then the potential is

(%17) potential:Phi(Q,sgrt(x"2+y"2+(b-z)"2) )+
Phi (g, sgrt (x"24+y"2+ (a—-2)*2) )
g gR
(%07) .
411-:Ep.'sr{?«\J|[}:v—.'z]|"'+1,'2+:,c2 [ g2 )2 P
4anbepsOqll ——=z| +v +x°
leb )

The equipotential lines lie in the xz-plane. They are presented on the next page (p=1, 0=1,b=
5,R=3).
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(%$18) load(draw)s
(%¥110) py0:ev(potential,y=0,eps0=1,0=1,b=5,R=3)5%
(%¥il8) contour plot (py0, [%,-0.5,0.51,
[21_0-2! 6]!
[legend, false],
[gnuplot preamble, "set cntrparam levels 35"]1)5

-0.4 -0.2 0 0.2 0.4

There is no problem calculating and plotting with DERIVE:

1 3 1
VECTOR, - =k, k, -1, 1, —
2 2 2 2 2 20
4. J((5 -2) +0 +x) 3 2 2
demeSef|]— -z +0 + x
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The following problems deal with systems of continuous charge distributions.

I1.10 Calculate the electrical field potential and the field intensity vector for the field created by a
thin rod of length / with uniform charge density.

Solution: The configuration of the system is shown in Fig. I1.10.

|
y P (x,y)
r
" dx’
2 _
|_ x
Fig. IL.10

The field caused at point P(x,y) due to the charge on an infinitesimally small segment of the rod dx”’
is given by
JD = 1 Adx
4re, r

’/

where o denotes the line charge density, r is the distance of the observed point P from the element dx .

r=yy*+(x-x').

The resultant potential is expressed by the following integral:

1 ¢4 dx

D=
R

Then the field intensity is the gradient of the field potential:
E =-grad ().

We transfer these expressions into "Maxima language" and then calculate the potential ®:

(%¥1i1) r:sgrt((x-xp)*2+y"2)5
assume (1>0, yv>0,x>0) &

(%13) Phi:1/ (4*%pi*eps0)*%$lambda*integrate (1/x,xp,0,1);

( . [ x . rf.!c—J.
A as:.nh.‘ — —as:l.nh.|
. ¥ \

¥

(%03)
4 o =eps0

At the symmetry axis of the rod (x = I/2) we get

(%$14) Phi,=x=1/2;

. ( i
M as:l.nh.| —

e ¥

(Tod)
2 o sps0
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Let' now find the field intensity:

($15) load(vect)5s
E :—grad(Phi) 5

(%17) E_:express(E_),diff;

1 1 | - X 3
L Ean T B O ) PO C Y
] —+lyw —+1 y ] —+1 y° Y+l ¥
. Ax¥® y? J . ¥© J 0
o
( . 4 o eps0 ! 411 =ps0 r 01

For the axis of symmetry Maxima gives:

($i8) E ,x=1/2;

nl
(¥0B) [0, 0]

-2

4 g epsl —+1 y2

<

4y

For an infinite long rod the field is inverse proportional to the distance from the rod:

(%1%) limit (%,1,inf);

A
(%0%) [O 0]

jr21'15,5:15-5'1.!Jr

It is interesting to perform the calculation from above using another CAS, e.g. DERIVE:

i 2 2 2
Wy +1)-1)
ALN

#4: 2

1 4oy
SUBST| ¢, x, — | = -

4.1 £0

2-n-ED-y-N-'r(4-y + 1

A
=0, —, 0
2emeeley

i 2 2 2 2 2
i +y )+ (Jx —2:lx+y +1)-x+1)

#6: Tim SUBST|E_, x, —
T \ 2

1 T.A
SUBST|E_, x, — | = |0, , 0
#5: 2 2 2

ALN
#7 - 2
\ ¥

4.7.20

%04 (Maxima) should be identical with #4 (DERIVE):

i 2 2 2
Gldy +1) -1
1 A-LN
}.-ASINH[—] 2
2.y 4ry
- - =0
2+meel deree0
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Identity of %08 and #5 can be checked easily manually and %09 = #6. What about ® and
its AREA-functions?

2 2 2 2 2

G +y)+x(Jix —2:Tex+y +1)-x+T1) [ [ X ] [ ¥ — 1 ]]
LN — | ASINH| — | - ASINH =0

2 ¥ ¥
¥

The expression for the potential is rather complicated in DERIVE, the expression for the
field intensity is complicated in both systems. However, field intensity can take a much
simpler form introducing angles o1 and a, (see Fig. I1.10a).

x
Fig. 11.10a
We can read off: tan(al)z—i and tan(az)zi - b=— d , I=b- d .
b b-1 tan(e,) tan(c, )
d d
#13: |b= - — 1;:b_7]
TAN(m1) TAN(2)
ol o2
e LN[TAN[—] -TAN[—]]
#14- 2 2
SUBST(®, [x, y1, [b, d1) =
4.0
ASIN(2) ASINCel) AC0S(el) AC0S(2)
#15: SUBST(E_, [x, wyl, [b, d]) = [ - , — - , U]
degred.e0 dered.el 4emed.el degred.e0
A
#16: SUBST(SUBST(E_, [x, yl, [b, d]), [el, «2], [m, w]) = [D, _— U]
2emed-gl

In this case it turns out that the Maxima calculation is more complicated:

C (%i15) EE :E ,x=b,y=d;

( 1 1
Al -

[ 1 1
. N = )
| 1 1 | | 1 1 ]
“+_'I.d _+ld 7n+1 t.an(cxzjd 7ﬂ+1 tan(txljd
l‘ﬁtan{ula‘ qtan{ﬁzp‘ J 1 utan{azp‘ dtan(qla‘ J
- ;5 — ;0

4 1 eps0 4 n eps0

(%015) [

1
 (%il6) trigsimp (%) ;

I"J .
( |.=.u.n.l[ DCE}I

(%016} [=

_|sin{cx1}|j-h irsinl[ocl) cos (o)

5111{0:2}

+cosz(oy) sin{ocz) sinl[ocl}|::- A

0]
4ndepsl ! 4nmsin(oy) sinfa,) d eps0 !

But finally we also reach our goal!
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II.11 Calculate the force of the mutual interaction of two uniformly charged rods of length L, and L,
lying on the same line and of charge O, and O, respectively. The distance between the rods is
d . (Parameters for the plot: e,=1,0,=1,0,=2,L,=0.5, L, =1.5)

Solution:
We use Coulomb’s law:
L1 L2

d
| « . i

dxi Fig. 1111 dx2

A

A

The force of interaction between two charged segments of lengths dx, and dx, with coordinates x;
and x;, (starting points of the segments) is given by

dF = ! Ay ————-dx, dx,
4me, (x,—x,)°

o ,_0
L %_L2

where 4,, 4, are the charge densities of the rods (4, =

).

The resultant force is obtained by integration

F = L]l (l1 e 2’12‘2 zlx2 )d _ Ql Qz ]l (l1 +dJ.+L2 ) {x2 )dxl

47e, 5 L+d (x, — 1) 27

We enter the expressions from above and proceed with the integration:

($11l) %$lambda[l]:Q[11/L[1]1% Flambda[2]:Q[2]1/L[2]5

$lambda give the greek character A.

(%13) dF:%lambdal[l]l*%lambdal[2]/ (4*%pi*%epsilon[0])/(x[2]-x[1])"2;
o,y

(503)

-
-
41me -X L.
“

oLy (%;7%)
(%14) assume (L[1]>0,L[2]1>0,d>0)5
(%i:) F:integrate (integrate (dF, =[1],0,L[1]),=x[2],L[1]+d,L[1]1+4+L[2]);

Is x,-L, positive, negative or zero?p;

o, 9, {—log{d+L2+L1}+ng{d+L2}+ng{d+Ll}| —log(d))
(¥053)

4HEGL1L~\.

%05 can be simplified to the compact form:

(%¥16) logcontract (%) :

( d{d+L,+L) 3
g, 2 log —— 8
1527 gy I:d+L2]J

(%00)
4neﬂLan
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Now we can assume parameter values and then plot force F vs distance d-

($17) ev(%05,%epsilon[0]=1, Q[1]=1,Q[2]=2,L[1]=1/2,L[2]=3/2);

{ ' 3 ' l
2 —log{d+2}+log1d+:J+log1d+:)—log{d})
L '\ 2 o 2

Fo7)
( 3o
(%18) load(draw)s
drawZ2d (title="F(d) ",
explicit (%07,d,2,5));

F(d)

0.018

0.016

0.014

0.012

0.01

0.008

0.006

2 2.5 3 3.5 4 4.5 5

Here are the TI-NspireCAS screens:
-

1 2 g2
==L, 2
I 2 12

AL- A2 I-q2

df: : -4

4-m-e0-(x2—x1)2  4-11-12- (xI-x2)%- €0+ m

1 " d- (d+11+12)

11+d+12 L R
d+12)- (d+11
df dxI dx2|11>0 and 12>0 and d>0 * ( ) ( )

0

d- (a+11+12) .
((HD). ((H”)' |d=x and 11=1/2 and 12=3/2 and qI=1 and g2=2 and £0=1
4-11-12- 0 m
. ln( 4 x (v+2) )
(2 x+1) (2 x+3)
37
. ln( 4 x (v+2) )
4. 4 9. v
fl(_l'):_ (.. .l+1) (.. _1+3)

3T

“in

»

* Done
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F orce(x = distance d)

sl
37

0.001 x

1.8 5

I1.12 A thin electric rod is formed in the shape of an arc, which is a fragment given by the angle ¢, of
a circle of Radius R. The rod is uniformly charged with charge Q. Find the vector of the electric
field strength for any point z, along the axis of the circle passing the centre and perpendicular to
the plane of the circle. Discuss the result obtained (¢ = Q=R =1).

Solution:

Fig. IL.12

According to Fig. I1.12 the vector of the electric field strength can be calculated using the formula

E(z,9,)=——| =57 Rdg,

1 (o A
3
drg, 0 |r|

where 4 == is the charge density with /, = R¢,, and the vector 7 =(0—x,0-y,z,) = (-x,-¥,Z2,)

0
IO

with x = R cos(¢), y = R sin(@). (7 is the direction vector from the wire to the point on the axis.)
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We enter the relations given above and then calculate the field.

(%11) L1[0]:R*phi[0]% lambda:Q/1[0]5 assume (E>0)5
r :[-R*cos (phi),R*sin(phi),z[0]];
($04) [—-cos(¢) R, sin(p) R, 2,]
(%15) E :lambda*R/ (4*%pi*epsilon[0])*
1ntegrate{trlgﬁlmp{lfsqrt{r .xr })*3*r ),phi,0,phi[0]);

T 5 - = T,
Is 9, positive, negative or zero?p;

sin{(pD}QR (1-cos(gyl) @R 2,2
(%o3) I
s w32 2 3rz
4neﬂupﬂ|thR‘+Z;J.' dme, @y |R +Z,_.U. dme, |R +Z|._.U.

Now let us analyze the result obtained:
At the centre of the circle (zo = 0) we get the field:

(%i6) E _,=z[0]1=0;

sin(g,) @ (l-cos(gy))C
(306) [ ~, —, 01
dme R* dme R*

o Po o P

When the arc turns out to become the full circle (¢ = 27) then only the z-component of field £ is
nonzero — as should be expected:

(3i7) E_,phi[0]1=2%%pi;
zﬂQ
(%507) [0,0,

,.“‘,34":_]

4nE |R +zﬂjl

We extract the 3 component of the field and we can easily see (from %08) that at a large distance
(lzo| >> R) the charged circle is equivalent to a point charge.

(%1i8) E =z:E [3]:
zDQ
(%08)

,.."-|3f"‘.=

41'18 |R +zllel

In infinity the field is zero.

(%1%) limit(E ,z[0],inf);
(¥0%) [0,0,0]

We find the extremal value of the field for the full ring:

(%i10) eq:diff(E _=z,=z[0])=0%
solve (eg,z[0]);

(%011) [z,=-

B
—r Zp=—=]
Jz TT

RJJ

The field takes its extreme values in the points (0 0,+——

We enter the given parameter values and then we can plot the graph of the z-component of the field.
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 (%i12) E _z,epsilon[0]=1,Q=1,R=1;

) o
(%0ll2)
f s 3/2
41| z0+1)

- (%113} loadidraw)$s
(%i14) drawZd(title="Ez (z0)",explicit(%o0l2,=z[0],-10,10));

Ez(z0)

0.03

0.02

-0.01

-0.02

-0.03
-10 -5 0 5 10

Unfortunately Maxima does not provide such a wonderful tool as sliders for further
investigation of the influence of parameters. Most other CAS do. We show the application of
sliders to study the influence of charge Q and radius R as well.

Left hand side is a screen shot of DERIVE, right hand side a screen shot of TI-NspireCAS
handheld. With TI-NspireCAS we can easily find the turning points, too.

- 0.00

0.,0005 X
2068 2T 3283
-14 -12 -10 -8 3
-0.0061 }
Exercise: Consider two half circles of radii R 12
mutually perpendicular with coinciding centres
and uniformly charged with charge Q. Find the A
vector of the electric field strength and its R
magnitude in the circles' centre. Y

Hint: Use solution of problem II.12.
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II.13 A thin ring of radius R has a uniformly distributed charge Q. Find the expression approximating
the potential created by the ring in a point lying within the plane of the ring at a distance » from
its centre, where r>>R. (approximation of the field caused by a distant object).

Fig. I1.13

Solution:

The potential caused by a charged element of the ring d/ at a distance a from the ring is given by

dd = ! d—Q, where dQ=Adl=ARda ( :ij
4re, a 27R

Using the cosine rule we can express distance a as a function of angle «:

a =\/R2 +r* —2Rrcosa.

The resultant potential is given by the following integral:

@:

2z 2z
1 (AR, _ ARJ da
4re, o a 4re, ) \/R2 +r2 —2Rrcosa

Let's try to evaluate this integral.

(¥il) a:sgrt (R"Z+r"2-2*R*r*cos(alpha))$ lambda:Q/ (2*%pi*R)$S
(%$13) Phi:lambda*R/ (4*%pi*epsilon[0])}*integrate(l/a,alpha,0,2%%pi);

£ I l
o d o
4] 'JRE—Z cos(u]rﬂ+r2

2
Bno®e

(%03)

]

We see that Maxima does not evaluate integral %03 which means that we cannot expect a closed form
of the integral, i.e. a combination of elementary functions. In order to approximate the potential we
carry out the following steps:

. R . . . .
e we introduce the parameter & =— and expand the integrand as a Taylor series with respect to this
r

parameter

(%$14) ex:ev(l/a,R=delta*r)5s taylor (ex,delta,0,2);

cos(o)d (3 cos{oc}z—l} 52
+

1
($05) /T/ —+

r 2r

e and then we try integration again:
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(¥16) Phiapprox:Q/(8¥*pi~Z*epsilon[0]) *integrate (%,alpha,0,2%%pi);

(z&+4m)p
($06) —M

-

16 g, o< r

So we get the final result of the above approximation (%06). But let us resubstitute for §and bring the

result in a neat form (cancelling  needs the Factor command!).

(%17) ratsimp(ev(%,delta=R/r));

HQR2+4HI‘EQ

(%507) -
16 = nl o3

(%$18) factor(%):

nQ (R%+4 r?)
(%$08) —mM8M8M8M8Mm

16 24 r:2 I‘S

We can work through the problem with TI-NspireCAS without any problems in the same way
(including the cancellation ©)!

- "]
am
1
: da gq
2m JI -2 cos(fz}- rorr e A
_ Norr i da * 0
4 - el a 3 e0- 1T2
0 ]
1 1
exi=—|rr=4-r » —
a J-2- cos(a)- 5+c'52+1 : |?|
N 2 (q . )
1 & cos A3 \cosla)) -1
taylor(exjcﬁ,zo)h':’o - \2) 2 (cos(c)
I:,- l:,. 2, l:,.
2'm
99 i_l_c? cos{fz}I 52 (3' (COS(aJ}B‘l) dg » 32 {_524-4)
g g0 T2 % ? 2r le el mr
0
qg: {_52+4) |§—” qq (4- ,:-~2+,:-,;-2)
160 r r 16 €0 T 3

Exercise: Show that the electric field in the considered approximation is identical to the field caused
by a point charge.
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I1.14 A circular plate of radius R is uniformly charged with a surface charge density o.

a)  Calculate the field potential and electric field in a point lying a distance z away from the
plate along the axis of symmetry perpendicular to the plate.

b) By applying the appropriate /imit calculate the function describing the field intensity
resulting from an uniformly charged plate.

¢)  Find an approximation for the field potential and intensity for the case that the radius of
the plate is small with respect to the distance z.

Solution: The sketch of the situation is shown in Fig. 11.14.

Az

Fig. .14

Similar to II.13 the potential resulting from charge Q in a point with distance / from the plate is given
by

dd = 2 ! dTQ, where / =+/r* +z* is the distance of charge dQ from the observed point.
g,

dQ = o ds is the charge of the surface element of the plate. In polar coordinates ds = r dr d ¢, therefore
we have

dQ=ocds=ocrdrdo.

The potential caused by the plate is given by the integral

2z

R
JJ%drd(p.
0

0

o
4rs,

Taking into account the relation between field strength and field potential is — in the meanwhile well
known — given by

E =—grad(®)

and the symmetry of the problem (only the z-component of the field strength can differ from zero), it
is sufficient to calculate this component only:
F =92
dz

52



a)  We enter the expressions from above and calculate potential and field strength.

($1i1) l:sgrt(r~2+z"2)5 assume (R>0)}%

($13) Phi:sigma/ (4*%pi*epsilon[0])*
:Lntegrate(:l_ntegrate{r;’l r,0,R),alpha,0,2%%pi);

T 5 = 7
Is =z posit or negs '_""‘:'-'p;

'|T
f\,IIR +=° —z)

(%03)
(%14) E=z: —d:l.ff{Ph:L z);

IJ—_IJ

Zn

(Fo4d)

b)  To get the result for the plane (R — o) it is sufficient to calculate the limit of Ez..

c)

($15) limit (Ez,R,inf);

(%05)
2 2,

Remark: Of course, the electric field caused by a uniformly charged plane can be most easily

obtained by applying Gauss' law.

Different methods of calculating the field
strength deriving from the plain homogeneously
loaded up still exist. We use the estimated
electric field originating from the endless bar /
homogeneously loaded wup (problem II.10 /
expression %09). /

(]

The obtained result has the form L, where 1 dx
2 7[80

denotes the linear charge intensity and d the

distance of the point of observation from the bar. X
We try to use this result for our calculation. For '
this purpose we will divide the plane in stripes of

widths dx.

Fig. II.14a

Charge dQ contained in surface element ds = dx dy is dQ = o ds = o dx dy. On the other hand
dQ=21dy.

Comparing these two expressions for dQ we get 1 = o dx. Therefore in the solved exercise we have

dE = ! O-—dXF J dx with 7 =[—x,0,z].
27, |F| r 27[50 | |
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It is resulting from the symmetry of the problem, that only the z-component of the filed should be
nonzero. We will calculate the field and then read off this component:

($19) r :[-x,0,2]5
(31il6) E :sigma/ (2%%pi*epsilon[0])*integrate(r /i(r_.r },x,minf,inf);
Is =z Eeroc or nonzeroc?p;

o
(%016) [0,0,—1]
220

Let's perform the same calculation with DERIVE:

There we find another output for the third r_:= [-x, 0, z]
component of the field — and an undefined .
first component, too. o r_ [ g-5IGN(z)
. dx = |?, 0, —— M
In fact, calculation of the x-component is not Zem €0 { | |2 2.£0
r_

trivial, namely in the calculation procedure o

> dx.

the integral J

x4z

This integral can be transformed by substitution to the form Jﬂ Not each CAS returns the

satisfactory result. For example DERIVE gives "?" which is undefined. Maxima gives 0.

-{%ill} integrate(l/u,u,minf, inf) ;
Principal Value
(3011) 0

Below we show the calculation of the limit procedure stepwise:

00 &
du . ) a .. a
—=lim —+11 ——hrnln +11rnln—=—11m1n—+11m1n—=0.
5—> g—>0 5—>0 £—0 Fod &0 ol >0 &
a—»0 a—»0 a—rx

For calculating the field strength from the plain -
homogeneously loaded up it is possible also to E
take advantage of the model describing the field

strength from the dielectric circular ring
homogeneously charged. Y

Make appropriate calculations. Use the result R
%08 of problem II.12.

»x
Fig. IL.14b

dE =299 \ith do=c27RdR
z 47z50 (R°+2z%)

z —TdE _T z o2nRdR _ZO']2 RdR

I T e, R+ 2 26,3 (R + 207
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o
(

) assume (z>0) 3
) Ez: (z*sigma/ (2*epsilon[0]))*'integrate(R/(R"2+z"2)"~(3/2),R,0,1inf)=
(z*sigma/ (2*epsilon[0])) *integrate (R/ (R"2+2"2) "~ (3/2),R,0,inf);

il
%i2

® R
0 (R%+z2%) o
(%02) =
250 250

d)  Approximations for potential and electric field (for R << z) can be obtained by expanding the

. . . . R
respective expressions as Taylor series with respect to the parameter 6 =—.
z

(¥i6) Pi_approx:taylor(ev(Phi,R=delta*z),delta,0,2);

-
cE&”

(%3o6) /T/

+...
|
(%17) E_approx:taylor(ev(Ez,R=delta*z),dslta,0,2);

[=Bs]

(FcT)/T/ p

R
i

Remark: In a similar way we can solve the analogous problem for a ring (a circle with the centre
removed) with inner radius R; and outer radius R..

II.15 A fragment of a thin dielectric circular arc characterized by two radii R, and R, , and by the

angle ¢y (see Fig.Il.15) is charged with a radial dependent surface density o(R) =%. Find

the components of the vector of the electric strength. Analyze the obtained results.

Solution:

The present problem is more general than the previous one. Because of the geometry of the
problem it is convenient to use polar coordinates. The strength of the electric field can be
expressed by the integral

?, Py
RZ R2
E(R.R,.0,) = — ACOL R 97T R 4R de
1 2 0 13 ~13
4ﬂ€0 |r| 4ﬂ€0 |r|
Rl Rl
0 0

where (see Fig. I1.15) vector 7 has components (0—x,0—y,z—0)=(—x,—y,2).
The relationship between Cartesian and polar coordinates is

x=Rcos(p), y=Rsin(p).
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Fig. IL15

We enter the expressions given above

(%$11) sigma (R) :=k/RS
(%12) =:R*cos(phi)$ vy:R*sin(phi)$ r :[-x,-v,zl5

and then try to calculate the field strength followed by extracting the desired components:

(%315) E :1/(4*%pi*epsilon[0]}*
integrate |
integrate (sigma (R) /sgrtir_.r ) "3%r_ *ER,
R,R1,R2),phi, 0,Phi[0]}5
Is RZ-Rl1 positive, negative or zercofp;

positive, nNegatlve o ZerospPr

(%3i6) Ex:E [1];
}c[ sin{-i:g)*\JR22+ 22 —sin{-i:g)mlR12+ 22 '

4 ED'\‘R12+22I'\JR22+22I

(%0E)

(%¥17) Ey:E_[2];
(F07) -

[ 2 2) 2, 2 2, 2 2 2
ki; {cos{dzﬂ}—l)RI +{cos{¢ﬂ}—l}zj'JR2 += +'JR1 + = ;{l—cos{d:ﬂ}}RQ +{l—ccs{¢ﬂ}l}z

dmeg {{R12+22} Rz 4+ 22 R12+z4}|

(¥18) Ez:E_[31:

|'r 2 "‘\l 2 2 2 "‘Ilrr 2 2 ‘\
k z[: £, R1‘+.1:rJ z‘," R24JR.2‘+Z‘ +'JRI‘+Z‘ | —®, BRI R.Z‘—q:o z° Rij)

",

(508)
4me, ((2°R1%+2") R2*+ 2" R1%+2°%)

As these are very bulky expressions we can hope to obtain more comfortable expressions by first

simplifying the integrand applying trigsimp.

And indeed, it works as hoped (and expected?).
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(%1%) E_:1/(4*%pi*epsilon[0])*
integrate (
integrate (
trigsimp (sigma (R) /sgrt(r_.r ) *3*r *R),
R,R1,R2),phi,0,Phi[0])5

Is RZ-R1 positive, negative or zero?p;

Is &, positive, negative or zero?p;

 (%i10) Ex_:E_[1];

1 1 ]
Iﬂfﬂ_12+z2| 'JR22+22I

f-lnaIj

sin[d:g} i

(%010)

(3ill) Ey :E_[2];

(1- (% }}kr 2 - 2
e l.;JR12+zzl 'JR22+22I

dme

(2011)
i}
(¥i12) Ez_:E_[3];:

' 1 7
[ Ro~Jmr22+2% mi 'JR1‘+2‘}

@Dkzl — — — —
) . 2z 2%+ zZ R1?+ 2%
(B0l2)

41'15EI

In case of a full circle (@y = 27) we get:

(%i13) E ,Phi[0]=2*%pi;
rd 1 T

'Rz‘anﬂz‘ R_T.*\[R_T.‘+z‘

\ zZRz%+z*  z®R1%+zt

(%c012) [0,0, 1
2 2q

k=

As one would expect only the z-component of the field is results as nonzero.

In case of an infinite plane (R; = 0, R, = «0) we obtain:

(%¥i14) limit (ev(E ,R1=0,Phi[0]=2*%%pi),R2,inf);

k
(%0l14) [0,0,2 1

Egz

So we received the well known result that the field strength is inverse proportional to the distance
from the plane (see also problem I1.10).

What will happen in case of a constant surface density?

(%il) =:R*cos(phi)$ y:R*sin(phi)5 ¢ :[-x,-v,z2]5
(%i5) E_:1/(4*%pi*epsilon[0])*
integrate
integrate (trigsimp (sigma/sgrt(r_.r ) *3%r *R),
E,R1,R2),phi,0,Phi[0])5

Is RZ-Rl1 positive, negative or zserocfp;
Is &, positive, negative or zero?p;
($18) assume (z>0);

(%28) [=>0]
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- (%112) ratsimp(ev(E ,Phi[0]=2%%pi,R1=0));

csf\,l RZ“+z° —o =

(%0l2) [0, 0, |
2 EG"\IIR.22+22

C(2i11) limit (%010,R2,inf) :

=3
]

i

(%011) [OD, 0O,

As should be expected for the full circle of radius R, (R; = 0) we obtain %012, which is the same as
that obtained in the previous problem (II.14, expression %04).

For the infinite plane we get the well known result (%o011) that field strength does not depend on the
distance of the observed point from the plane.

I1.16 A non-conductive rectangular plate of dimension a x b lying in the xy-plane with its centre
in the origin is charged. The surface density depends on the position vector in the following

way: o(Yy) =0, (1 —%) Find the vector of the electric field strength caused by this plate in a

generic point P(0,0,z).

Solution:

Electric field strength in point P created by an element dx dy of the plate can be expressed according
Coulomb's Law in the form
L o WD 1 om G~

dE = -
4rs, (T, —f)z |F0 —T| 4rs, (T, —f)z |f0 —T|

dxdy,

where T(X,Y,2), ,(0,0,2,) denote the position vectors of the element of the plate dx dy and the

observed point, respectively.

njo
a
-
]
~jo

Njo
[ \ N
njo
N Y
=]
N v

Fig. I1.16

The resultant vector of the electric field strength is obtained by integrating the above expression over
the surface of the plate

a2 b/2 N, a/2 b/2 .
E-—L 0 D gyan-— [ [ o) B ayax
4ney 35 5, (=) |I’0 - I’| 47Ey 315 b1 |r0 -r
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The above integral seems to be too hard for wxMaxima, therefore we apply DERIVE.

We enter the data and the define the components:

#1: [G

E_ = — . «(ro_ — r_) dy dx
#2: 4.0 3

y
GU-[l - —], r_:=[x, y, 0], ro_:=[0, 0, z0]
b

a/2
b/2

[EX::E_ , Ey = E_ , EZ::E_]
#3: 3

The components are:

#4 - Ex =0
2 2 2 2
(Ja +b + 4.20) + bh) a-b
a.cg0.-LN z0.00.-ATAN
#5: 2 2 2 2 2
a + 4.z0 2.z0./(a +b + 4.z0)
Ey = -
4.m.h.20 m-h.-£0
a-b
G0.ATAN
2 2 2
#6: 2.z0./(a +b + 4.2z0)
Ez =
m.£0

We can plot the components depending on z, for special data:
#7 - [g0 =1, g0 := 100, a:=1, b= 2]

#8: E

Ez(z0} {magenta)
Ey(z0} (blue)

P
Ex(z0) (green)

15
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II.17 An electric charge Q is distributed uniformly on a semi-sphere of radius R. Find the vector
of the electric field in an arbitrary point on the axis of symmetry of the sphere.

Find the vector of the electric field in the centre of the sphere and in point B(0,0,-R).

Solution:

The contribution to the vector of the electric field dE produced by an element dS of the semi-sphere is

given by
JF - 1 d—QSF: 1 oazS?’ ’
4re, |;7| Are, |;7|
where o denotes the surface charge density, o = 2—QRZ’
Vs

and at the observed point (0,0,z) the vector 7 is

r=r(0-x,0-y,z, —z) =F(=x,—y,z, — 2).

Fig. 11.17

The resultant field vector is obtained by integrating the above expression over the whole semi-

sphere
1 Hijds -7 || Las.
4, | 7| 4re, | ;7|
N

N

E=

If we use spherical coordinates

x=Rsindcosp, y=Rsindsing, z=RcosJ,

then the surface element dS is given by:
dS=R’sinddddg

and the field vector in a point (0,0, z, ) on the z axis can be written in the form:

712 aap , (71 p2m
E(z)=-Z J' J Lstinéd(pd&:GRJ J #sin&dgod&
0

—13
4re, o |;»| 4re, o |7

0 0

We enter the expression above and try to calculate the field vector (%06):
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(%1i1l) sigma:Q/f (2*%Fpi*R™M2) 5
($12) x=:R*sin(theta)*cos(phi}$ v:R*sin(theta)*sin(phi)s
z:R¥cos (theta) 5
(%15) r :[-%,-v,z0]5%
(%1i6) E_:sigma*R™Z/ (4*%pi*eps0)*
integrate(
integrate (r /sgrt(r .r })"3*sin(theta),
phi,0,2*%%pi),
theta, 0, %pi/2);
Is z0 peositive or negativef?p;
=00
((c€) [0,0, - 1
4 1 eps0 {zG‘R‘+zG‘3}

(%17) E_:factor(E )

o)
(507) [0,0, ]

4 spsU{R2+z{32}|

factor (E_) gives the simplest form of the result (cancelling z):

To get the field in point B and in the centre we have to perform the respective substitutions
(zo=-R and zy = 0):

(%18) ev(E_,z0=-R);

o
(%cB) [0,0,——1
8 oeps0R”
(%51%) ev(E_,z0=0);
o
(52%) [0,0,——]
4 n1 eps0 RS

Note: If we would like to calculate the field in the centre using result %06 we need to apply the

1 imit command (see the error message as answer in %il1):

| (3i10) limit (%06,z0,0);
o o
(%010) [0, 0,—]
4 1 =ps0 R®
| (2il11) ev (%06, z0=0);
expt: undefined: 0 to a negative exponent.
—-— an error. To debug this try: debugmode (true)

TI-NspireCAS has no problems performing the double integration:

oi=—2L = sin(é]-cos(qa]:yFr- sin(é]-sin(qa]:z:=r- cos(é]:r_:=[‘_r y 20]
27 r2
[‘sin(é]-cos(qa]-r ‘sin(é]-sin(qa]- ¥ 20]
.E 0o — 4
2 e
4-€0- 7 \r +z0
2 xm
A e_:= °r . ;-sin(tﬂ de d6|z0>0
el (normr-)’
0
Jo
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II.18 A cylindrical dielectric layer characterized by two radii Ry, R, and height H is uniformly
charged with a charge Q. Find the vector of the electric field

a)  on the axis of symmetry,
b)  in the centre of the base circle (see Fig. 11.18).
Z

Ry

e A
T
)
I

by
/!

el - - - - ——
4

1<

‘ol
I = - —

x
4
A}
L

Fig. 11.18

Solution:

The contribution of an element dV of the hollow cylinder to the field vector dE in point 7 , is given
by

- 1 1
gi=-L s L Py
4re, |;7| Are, |,7|
where p denotes the charge density p = __9 .
7(R’ -R*)H

The resultant field vector is the result of integrating dE over the whole cylinder

oL ([[LFay =L ([[-=
E= P jl E Fdv = . [ ! | E dv.

Due to the symmetry of the system, it is convenient to use cylindrical coordinates: According to
Fig I1.18 we can write

r=r(0-x,0—-y,z,—z)=r(-x,—y,z, —z) with
x=Rcosp, y=Rsinp, dV=RdR do dz.
The resultant vector of the electric field is of the form

2
R,

E=-L __RdRdpd:.
4re, | ;7|
R
0

0

We enter the expressions given above:

($11) rho:Q/ ($pi* (R2"2-R1"2)*H)5 assume (R1>0, R2>R1,H>0)%
($13) =:R*cos(phi)$ v:R¥sin(phi)% r :[-x%,-v,z0-2]5
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a) At first we try to calculate the strength of the field using the trigsimp command within
the integration.

(5i6) fv:r /sgrt(r .r )"3*RS
(517) E _:rho/ (4*%pi*eps0)*
integrate (
integrate (
integrate (trigsimp(fv),E,R1,R2),
phi,0,2%%pi),
z,0,H);

Is z0 zeroc or Nonzerof?p;

ol R224 52 -2 20 5+ 207 —A|R224 202 —a| R1Z+ 2 —2 20 5+ 202 +~| R12+ zﬂzj
(%c7) [0,0,

EIIEpsOff[R22—R12)

Graphic representation is obtained as follows.

(¥18) plE :ev(E_,eps0=1,Q=1,R1=1,R2=2,H=5);

‘\Ilz{?z—l[) 20+29 —'Jz{?z—l[) z20+26 -'\IIZ-G'EH +‘\|Iz'5'2+1
(%OB) [Dr Gr ]
0o

(31i9) plot2d(plE_, [20,-10,101);

(%0%) [C:/Users/Josef/maxout.gnuplot]

0.008 T T T
: 0—-

(sqd(zﬂ“E:l%égﬁﬁ:9}sqn(zD“2-1D*ZD+26}sqrﬂzﬂ“2+ﬁ]+sqrdzﬂ“2+1]ﬁ(30*%ﬁp0

0.004 - -

0.002

-0.002

-0.004 -

-0.006

-0.008 L i '
-10 -5 0 5 10

z0

b)  In the point of interest (zo = 0) the field takes a simpler form:

(%110) ev(E_,z0=0);
o\Jr2? + 5% —~R2-+[/R1%+ H? +R1)
0, ]

2115pstf{R22—R12}

(%010) [0,

The many parameters invite introducing sliders for analyzing their influence on the strength
of the field. We do this supported by TI-NspireCAS (we could also use DERIVE for this
purpose). We can also ask for the position of the maximum strength.
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p= i i
: [r22—r12)- A B [r12—r22)- x
?_:=|:-?‘- cos{@) 7 sml{@) zO—z] [COS{?’) 7oEl {.@)'?' ZO_Z]
NN coslg) __csny) 1 =0)
(nom () 3 3 3
2 2 2
(r2+(z—20)2] (r2+(z—20)2] (r2+(z—20)2]
h . - Uh2—2-h-zo+r12+zo2 —J}z2—2-h-zo+r22+zo2 —J?‘I2+ZO2 +J?‘22+ZO2 )q
r2 21 (r122922) c0 m
& e_i= fvdr de dzlz0=0
4-m g0 r1
0
0
¢_[1,3]lz0=x and g=1 and £0=1 and /=5 and r7=1and r2=2 2 0 e20 —Jx2—10-x+26 _JX2+4 o2
0 m
o Jx2-10 x+29 —Jx2—10-x+26 —Jx2+4 +x2+1 Done
fIl{_x):
0m
f?(x):=e_[ 1,3]IZO=X and g=1and ef=1 Done

Calculation is easy done. The screen below shows the graph from above (black) and the
graph variable by moving the sliders (red). The maximum strength of the black graph is
given for z, = 5.1 using the Tl's Analyze-tool. It cannot be calculated exactly.

-
0.01 | y
h =1
A fx2—10- x+29 —fx2—10- x+26 —fx2+4 +fx2+1
. & 1) 0% (5.1,0.008)
|_|"_|_|_|_|_|_|_|
12 =3
A 0
0.001
£10 1 10
-0.01
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I1.19 Calculate potential and electric field caused by a uniformly charged sphere of charge O and
radius R. Try to apply various ways of solutions. Present the results in form of a graph.

Solution:
Method One
The electric potential d® caused by a point charge dQ at a distance / from this charge (see Fig. 11.19)
is equal to
IO — 1 dQ_: 1 de’
4re, ‘;7 - r" 4rs, ‘;7 —r"
where 7 =F(x,y,2), r'=r'(x,y.z"). p= 7] 0 denotes the volume charge density and dV denotes
§R37Z'

the volume element.

Fig. 11.19

The resultant potential is given by the integral

o= |ap=—L_|
4rs, f_r"

14

Vv
In this problem it is useful to change from Cartesian coordinates to spherical ones.

x=rsinfcosp, y=rsinfsing, z=rcosé.
The volume element dV in spherical coordinates is given by
dV =r*sin@drdfde.

The potential integral finally gets the form

2 .
o=-2F Jﬂdr dodo.
4re, P

When we try calculating the above triple integral directly we will meet some difficulties. However,
we can make use of the symmetry of the system and locate the observed point on the z-axis:

r'=rp=1p(0,0,2p).
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Note: variable zp plays the role of the distance / of the observed point form the centre of the sphere.

We start the evaluation procedure:

(%11) rho:Q/(4/3*%%pi*R"3)5 assume (B>0)5
(¥13) x=:r*sin(theta) *cos(phi)$ y:r*sin(theta)*sin(phi}$ z:r*cos(theta)$
(%i6) r :[x,y,2z]% rp :[0,0,2pl% assume (zp>0)5
(%51%) p:rtrigsimp(r*Z*sin(theta)/sgrt((rp -r ). (rp_-r }))5
{(%¥110) Phi:rho/ (4*%pi*eps0)*
integrate |
integrate(
integrate (p, theta, 0, %pi) .,
phi, 0,2%%pi),
r,0,R)S
Maxima encountered a Lisp error:
Control stack exhausted (no more space for function call frames).
This is probably due to heavily nested or infinitely recursive function
calls, or a tail call that SBCL canncot or has not optimized away.
PROCEED WITH CAUTION.
Automatically continuing.
To enable the Lisp debugger set *debugger-hoock® to nil.

We notice that Maxima is unable to perform the integration. Let's try to assist the program by
stepwise integrating starting with the innermost integral:

(¥111) Phi:integrate(p,theta,0,%pl);

i
-
&

) 2l'\jzp:+2_1:'2.'JE::+_1:'2 '\Ilzpz—.?rzp+r
(3011) r°|
\ r zZp r Zp

(¥112) Phi:integrate (Phi,phi,0,2*%%pi);

i
~
£

I'RJ' 2 2 2

) - EpT+2 r Ep+r -\Ilzp —2 r Ep+r

(3012) 2 mr°|
\ r Ep I Ep

(%112) Phi:integrate(Phi,r,0,R);

" 5 5 2 . S S 5 5
n|lh{—2 R‘+sz+zp‘}fJR‘—2 zp R+ =zp© +-\|IR‘+2 Zp R+zp° (2 R°+zpR—zp°))

3 =p
(¥114) Phi:rho/ (4*%pi*eps0) *Phi;

{ 1

5 5 - - 2 2 5 5 )
th{—z R+ zp R+zp‘}-\IIR‘—2 zp R+ =p° +ﬂJR‘+2 zpR+zp” (2 R°+zpR—zp”))

16 o eps0 =p R?

Now we get a result for @ which can be further simplified:

(¥*115) Phi:ratsimp (scanmap (factor,Phi));

(20R*-zpQR-zp° 0)|R-zp|-2 0R -3 zpoR*+zp 0
(%015)

le o =ps0 zp R?

The absolute value expression indicates that we have to distinguish between two cases:

R > zp (observed point is inside the sphere) and R < zp (observed point is outside the sphere).
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 (2116) assume (zp<R) $ Phi in:ratsimp (Phi);
3oR?-zp’Q
{(%0l7) —p
8B o eps0 R3
.{%ilﬂ} forget (zp<R) 5 assume (zp>R)5 Phi out:ratsimp (Phi);
o

(%020) —m8
4 g epsl zp

Thus we can enter the potential in form of a piecewise defined function ®@(zp):

-{%izl} Phi(zp) :=if zp<=R then (3*Q*R"2-zp"2*Q)/(8*%pi*eps0*R"3)
else Q/ (4%%Epi*eps0*zp);
) . SQRE—ZPEQ o
(%02l) &(zp):=1f zp<=R then ——— else ———
8 meps0 R’ 4 neps0 zp

Field strength calculation uses the well known relation E = —grad(®). In our problem we need only

consider differentiation wrt zp.

© (%i22) Ez_in:-diff(Phi_in,zp);

zp g
(%022) S

4 o =ps0 r?
.{%i23} Ez out:-diff (Phi out,zp):

~ o
(%023)

4 g =ps0 zp2
(2i24) E (zp):=[0,0,if zp<=R then (zp*Q)/ (4*%pi*eps0*R"3)
else Q/ (4*%pi*eps0*zp™Z2) 1;

3 . zp Q0 o
(%024) E (2p):=[0,0,1f zp<=R then ——— else ———]

4 g =ps0 R3 4 1 =psl zp2

Inside the sphere field strength increases proportional to the distance from the centre of the sphere

Sy . . o 1
(< zp), whereas outside it decreases inversely proportional to this distance {oc —2]
zp

It is no problem to perform the integration with DERIVE:

[R : Real (0, =), zp :€ Real (0, w)]

T
[ 2-m
R
2
1 p-r -SINCB)
- — — dr do db
4.7-£0 |rp— - r_]
0
J 0
0
3 2 3 2 2
Q-(2-R + 3-R -zp — zp ) Q-(2-R - R-zp - zp }-|R - zp|
D = -
3 3
16-m-R -zp-£0 16-m-R -zp-£0
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But | came across problems working with TI-NspireCAS. | could perform the integration, but |
could not obtain the "inside" result.

[+ 3q
S (r- (r—zp—(r+zp))]dr 8 rrelm
s 0
8 - zp el m
[ q
3q [s‘- (-r+zp—(r+zp]])dr 4 zp €0
A 0
8 3‘3‘3- zp el m

| wrote to Michel Beaudin (Canada) and he knew how to do overcome the problem. See
Michel's answer and advice as well:

Josef, note that if the point is inside the sphere, we have R > zp. So in order to compute the value of
« phi » in your Nspire file, yo need to split the integral into 2 parts because you don’t know if ris
between 0 and zp or between zp and rr. Doing this, Nspire gets the same results as good old Derive
(see the file). In Derive, we don’t need to do this because Derive is able to compute the whole

integral because Derive is using a special rule of integration involving signum functions :
int(f(x)*sign(a*x+b) = ........

x=r sin{&)- cos{@):y: =r sin{&)- sin{@):z: =r cos{&) cos{&)- r
r_:=[x ¥ z]:?p_:=|:0 0 zp] [0 0 ZP]
(77 meo \
2n s q | b bbra)ar
e 0
2 ginl; 3
phie——2. ﬂ 46 dg drjp>0and >0 8 zpe0m
4 g el norml{_?p_—?‘_)
0
0
Jo

@ outside sphere: zp=R

mo ) —7
A g JO{?,. {_-?‘+zp—?‘—zp)_}d?‘ 4 zp 0 W
3 ?7‘3-2;9' 0 T
© inside sphers: split the integral in 0 <=r <zp and zp <=r <=IT
30 ﬁ or-baparss g [{ (z-(rvz)or e
A . » S e g0

8- ?7‘3-zp- el m

Many thanks to Michel.

The plots are following on page 71.
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Method Two

We can solve the problem by integrating Poisson's equation (see page 14). This equation is of form

V20 =~ £ inside the sphere and
80

V’® =0 outside the sphere,

where V? denotes the Laplace operator. When using spherical coordinates due to radial symmetry
such an operator simplifies to
1(d( ,dd
| ="
r\ dr dr

We enter the equation for the "inside" potential and proceed (comments in text cells):

($12) egl:1/r"2%'diff(r*2%diff(phi(r},r},r)=—-rho/epsi;

22 ""”D
drl \dr e
(%02) =

e sps0

after multiplying by r"2 integrations is an easy Jjob:
(¥14) integrate(egl*r"2,r);

I‘Br‘j

3 =ps0

o 4
(%04) r l;q}{rj)=%cl_

we divide by r*2 and integrate again:

(%15) integrate(%/r"~2,r);

(525) p(r)=-

G=psd «r

The potential cannot tend to infinity as » — 0, thus the constant %c1 must equal zero. Thus the
potential inside the sphere is

(¥18) phi_in(r):=-(r"2*rho)/ (6*eps0)+%c2;

-
s

p-+%c2

$o8 hi in(r):=
()p_(]sspsg

Now let's work out the "outside" potential:

(%$15) eqg2:1/r"2%'diff (r"2%diff (phi(r),r),xr)=0;

1['1.21"1“1,},))
drt \d r»
(%05) — . =0

r

analogous to the previous calculation:

($16) ratsimp(integrate(eg2*r"2,r));
(4
(%06) r‘l———m{rj)=%c3
\d r
(%$17) integrate (%/r™2,r);

£o3
(307) plr)=%cd——0m
r
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(%18) phi out(r):=%cd-%c3/x;

. 203
(¥c8) phi cut(r):=%cd——

r

It remains to determine the integration constants %c2 to %c4, from the boundary conditions:
e the potential must tend to 0 for » — o and
e potential and strength must be continuous on the surface of the sphere

which leads to the following three equations which can easily be solved:

($1%) eg3:1limit (phi out (r),r,inf)=0;
(£509) %Zcd=0
. (%110} eg4:1limit(phi in(x),r,R)=limit (phi out(r),x,R);

o R°—¢ ¥cZ eps0 Ecd R-%c3
(3010) -

& =ps0 R
C(2i11) eg5:limit (diff (phi in(r),r),r,R)=1limit (diff(phi out(r),r),r,R);
oR £03
(%0l1l) - =
3 epsl g2

' (%i12) solve([eq3,eqd,eq5], [$c2,%c3,%cd]);
2 3
R R
e
2 eps0 3 eps0

(¥0l2) [[ fc2= Fcd=011

We define the integration constants and bring the potential in its final concise form:

(%113} %c2: (rho*R™~Z)/ (Z%eps0)} 5 %c3:- (rho*R"3)/ (3*eps0) 5 %c4:05
(%i1¢) phi in(r)-

Rz r2
(%ocle) e e

2 eps0 & eps0

(%117) phi out(r);
3

R
(%017) —0—
2e=psOr

{¥118) Phi(r):=if r<=R then (rho*R"~2)/(2%epsi)-(r"2*%rho)/ (&%epsl)
else (rho*R™3)/ (3*eps0*r) ;
. . o B? r’p p R’
(%018) #(r):=1f r<=R then else ————
2 =ps0 & =sps0 2espslcr

Finally we calculate the field strength:

. (%121) E in(r):=-diff(phi in(r),r)5 E out(r):=-diff(phi ocut(r),r)%

| (2i23) E in(r):E_out (r):

rp
(%023)
3 eps0
3
R
(%024) e -
2 eps0©
 (%i25) E(r):=if r<=R then (r*rho)/(3*eps0) else (rho*R"3)/(3*eps0*r~2);
. . p R
(%0ld3) E(r):=1f r<=ER then else -
3 eps0 3 epslc©
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Exercise: Substitute p =

— Rz
3

and check if results of Method 2 meet the results of Method 1.

We plot for 0= 1,epsO0=1and R=2.

 (%i26)

(%125)

 (31i32)

{(%032)
(%i35)

{%20325)

D:1% R:2% eps0:1%

rho:Q/ (4/3%%pi*R"3) 5
plot2d(Phi(r), [r,0,5]});
[C:/Users/Josef/maxcout.gnuplot]
plotZ2d(E(r), [r,0,5]);
[C:/Users/Josef/maxcut.gnuplot]

2 then 3/{16*%pi)-r ~2/(64* %pi) else 1/(4*%pi*r)

2 then r/(32*%pi) else 1/(4*%pi*r~2) ifr <=

ifr<

Method Three

0.018

0.016

0.014

0.012

0.008

0.006

0.004

0.002

Potential (above) and Strength (below)

The solution can be found in a much easier way using Gauss' law. This is left to the reader.
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I1.20 A solid dielectrical sphere with an empty spherical cavity is charged uniformly with volume
charge density p. The centre of the spherical cavity is placed at a distance r, from the centre
of the solid. Find the strength of the electric field at any point inside the cavity.

Fig. I1.20

Solution:

The spherical cavity can be treated as a uniformly charged sphere with zero volume charge
density, which can be modelled as a superposition of a positive density (+p) and a negative density
(-p) of equal magnitude. Then, by the superposition principle, the resultant electric field can be
calculated as the vector sum of the fields produced by the whole solid sphere of charge density
(+p) and the sphere of charge density (-p ) corresponding to the cavity.

From the solution of Problem I1.16, we know that inside a uniformly charged solid sphere the
electric field is given by
4E=§£—7.
%0
According to Fig. I1.20, we can write

I1.21 We consider a system of two conducting balls of radii #, and r,, separated by a large (in
comparison with the radii) distance d. How should a charge O be distributed between the
balls, if the force acting between the balls is to decrease after the balls have been connected
by a thin wire?

Solution:

Since the distance between the balls is much larger than the sum of their radii, the balls can be
treated as point charges. Therefore, the force acting between them is of the form

($11) F:(Q-Q1)*Ql/(4*$pi*d"2¥eps0);

(g-g1) o1
(30l) ———
4nd ep=s0
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where Q1 is the charge on the ball of radius »; and (Q — Q1) the charge on the other ball. After the
balls have been connected by a thin wire, the charge is redistributed and the new force is

($12) Fl: ((Q-gl)*qgl)/ (4*3pi*d~2*eps0);

gl (2-gl)
(302) ————
4nd =ps0

where ¢, and (Q — ¢;) are new charges.

When the balls are connected by a wire, then the potential difference disappears (the potentials on
the balls are the same). Using the expression for the potential on a metallic ball of radius » charged
with a charge ¢

(%13) Phi(g,r):=1/(4*%pi*eps0)*(g/r);
1 g

$03) @ rji=—m—
(¥03) @(g, 7)i=————

one can write the equation
D(q,,1)=P(Q~q,,1,)

Charge ¢, is the solution of the above equation:

(¥14) solve(Phii(gl,rl)=Phi({Q-gl,x2),ql);

1
(304) [ql=—"

1
rZ+ri

(%15) gl:(rl*Q)/(rZ2+4rl)s

In order to find O; we have to solve the following inequality

F] <Fi.C.F1—F<0.

(%3i6) factor (Fl-F<0);:

01 -p p1+q1 0 —-q1?
(%ce) — <0
4 o d eps0

It can easily be seen that the above inequality is true within the zeros of a second order polynomial
(parabola). Let's find these zeros now.

(317) ev(solve (F1-F=0,Q1));

. 1 rZ g 1 rlgQ
O = =
( )y Lo _r‘,2‘+rilr 2 rZ+rl

From %07 we can conclude that for r, < r the solution is

Qrz <Q1< er

K ntn

and Consequently when rmn>r then we have
!2 A gz ¥
=< 0 < =

7'1+7‘2 l"1+}"2

The screen shots on the next page demonstrate that DERIVE and TI-NspireCAS as well can
solve the inequality F1 — F < 0.
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[0 : Real (0, =), d : Real (0, =), rl & Real (0, =), r2 : Real (0, ®)]
SOLVECF1 - F < 0, Q1)
Q-r2 Q-rl Q-rl Q-r2

< Q1 < v <0l <
rlL + r2 rl + r2 rl + r2 rlL + r2

The solution of TI-NspireCAS is a "little bit" bulky and includes a lot of additional information.
It should not be really funny to read this solution on a handheld.

solve(f1-£<0,gq1)|d>0 and £0>0 and >0 and r2>0

: 12 1
qq-r1 <qql< 99" ™= and d>0 and r1>0 and #2>0 and £0>0 or qq1> oo
ri+r2 ri+r2 i

and d>0 and ¢¢>0 and ri+n

ql> q9:r1 and d>0 and g¢>0 and rI+#2=0 and rI>0 and #2>0 and £0>0 or qq-r2 <qql< 99" ﬂ»
ri+r2 ri+r2 ri+r2

I1.22 The sketch shows two point charges O and 20Q. QI charge is uniformly distributed on the
segment of length /.

length |

o X
X 30 !

Fig. 11.22
Find the angel « and relationship of Q//Q charges for which the Coulomb force is
disappearing in the centre of the coordinate system.

Solution:

Coulomb force is zero implies the electric field to be zero. Therefore it remains to inspect the
electric field. The resultant field is a vector sum of the fields created by the point charges and the
QI charge. For the point charges we have

(%1il) assume (R>0,1>0)5 Q :[Q,2*Q]% r :[0,0]5%
(%i4) R _:R*matrix([cos(%¥pi/6),s5in(%¥pi/6)], [-cos(alpha),sin(alpha)]l)s
(%15) FQ :1/(4*%pi*eps0)*trigsimp (
sum (¢_[J]/sart((r_-B_[3]).(r_-R_[31))"3%(r_-R_[3]1),
Jr1l,lengthiQ }));

(4cos{a) =300 (4sin(c)+1)Q
($05) [ — —1
8 o eps0R” f o =ps0 R
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and for the charge O/ we will write

($¥1i6) lambda:Q1/15
(¥17) E1_:[0,-lambda/(4*%pi*eps0) *integrate (1/y"2,y,R,R+1)];

11
o1 =-
\R R+1

4epsil

(%c7) [0, -

Then the resultant field is the sum and will be evaluated applying the requested relationship of the
charges O/ = n- O (77 is the factor of proportionality).

(%$18) Ftotal :FQ +4+E1 &
(%1%) Ftotal :ev(Ftotal ,Ql=eta*Q):;
1 1

IWQkE_R+1) (4 sin(a)+1) Q
1

(4 eos(a) —f3) 0
(%509) I

- r -
f o eps0R” 4m=psOl 8 oeps0R”

We try to find the desired parameters & and 7 in one single step.
(Remember, the solve function doesn't need the right hand side of the equation when it equals zero.)

' (%110) solve (Ftotal , [alpha,etal);
(%010} []

As this does not work we will try to find the solution step by step (good old elimination method).
From the first equation we get

(%¥i1l) solve (Ftotal [1]1,alpha);
solve: using arc-trig functions to get a sclution.
Some sclutions will be lost.

(/3
(%0l11) [G:aCOSI—;J]

We know that trig equations in most cases have more solutions — let's try later with another CAS.

Now we will proceed finding 7.

' (%i12) solve (ev(Ftotal [2],alpha=acos(sgrt(3)/4)),eta);
_ (W1z+1) R+ (13 +1) l]

2R

(3012) [nq

 (%i12) factor (%) ;
{ﬂ13+1;{a+1%

%013 =
(%3013) [n R

Finally we are verifying the correctness of the obtained solution.

(%114) factor (ev|
Ftotal ,alpha=acos(sgrt(3)/4),
eta=-((sgrt (13)+1) * (B+1) )/ (Z*R)) ) ;
(%014) [0, 0]

75




We will tackle this problem with TI-NspireCAS and DERIVE as well. TI-NspireCAS allows
solving the system of equations in one step but the output is again more than bulky so that it
might not be comfortable to read it off from the handheld. At the other hand TI-NspireCAS
gives more than one solution.

etotal_:= : (mw} +mw2]+ef_|rb0

&

4- 7 g0

‘I‘I'(‘*'COS[“]—J; ) gn _ ggn  qa|4-sinfal)
4- 1 £0- - (rH] 4-1-€0- 1 ¥

2 2
8 g0 mvr 80 mvr

solve[eromf_[l, 1]=0 and e.f.o.f.af_[l,2]=0,{a,r; })

3

4

<or r+1#0 and »=0 and &@=2- n1- n—cos™ and £0+0 and = or ¥+I1#0 and =0 and a=2- ni~»

(13 ) (1)
2:r

So does DERIVE. Calculation procedure is not complicated and the output is very
handsome, isn't it.

APPEND([[n, ®]], SOLUTIONS(Etotal_, [n, «1))

n o

{JB 1]
R+ 1| — - —

2 2

=)
- ACOS| —
R 4

{JB 1]
R+ 1| — - —

2 2 J3 3-m
ASIN[—J +
R 4 2
J13 1
(R + 1){ + —J
2 2 NE:
- ACOS[—}
| R 4
[ [ J13 1
(R + 1){ - _}
2 2 NE
SUBST| Etotal_, [n, «l, , = Acos{_} = [0, 0]
\ L R 4
[ [ J13 1
(R + 1){ - _}
2 2 NE; 3-m
SUBST| Etotal_, [n, «l, . ASIN{—} + = [0, 0]
\ | R 4 2
[ [ J13 1
(R + 1){ + —}
2 2 NE
SUBST| Etotal_, [n, «l, |- . Acos{_} = [0, 0]
\ L R 4
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